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Chapter 1Change Log
1.1 Changes from version 1.0:� Corre
ted a bug in the Hash table of the dis
retization method;� One more multiplier penalty fun
tion;� Infeasible interior point quasi-Newton BFGS algorithm;� Solver 
omplains if problem should not be solved by the sele
ted method.1.2 Changes from version 2.0:� NSIPS, sele
t tool, sipampl MATLAB fun
tion: 
ode 
hanged to 
ompile with theMi
rosoft Visual C/C++ 
ompiler;

5
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Chapter 2Introdu
tionIn a previous work we have extended the AMPL [10℄ environment to allow the 
odi�
ationof semi-in�nite programming problems (SIP) and 
oined it as SIPAMPL [36℄. The interfa
eto the SIPAMPL database is now improved with the NSIPS software providing the databaseand the interfa
e with a solver.The NSIPS in
ludes (at this moment) four solvers: a dis
retization solver [37, 45, 42℄;a penalty te
hnique solver [39, 41℄, a sequential quadrati
 programming (SQP) solver [44℄and an infeasible quasi-Newton interior point solver [46℄.In Chapter 3 we des
ribe how the NSIPS was made, how to install and how it inter-
onne
ts with the AMPL binary. Chapter 4 is devoted to the dis
retization method whi
his based on two dis
retization algorithms proposed by Hetti
h [15, 16℄ and Reemtsen [29℄and adapted for nonlinear semi-in�nite programming [37℄ and to a dis
retization methodbased on Hetti
h version with pseudo-random points. Chapter 5 des
ribes the penaltymethod whi
h implements several penalty fun
tions and requires numeri
al 
omputationof integrals [39, 40, 41℄. Chapter 6 des
ribes a sequential quadrati
 programming (SQP)method where the quadrati
 SIP problem (QSIP) is solved by a dual parametrization of thedual fun
tions [43, 44℄. Chapter 7 des
ribes the interior point method. Chapter 8 shows,in a user point of view, the SIPAMPL interfa
e and database and Chapter 9 presents thesele
t tool whi
h is distributed with the NSIPS software.The remaining of this 
hapter is devoted to a brief introdu
tion to semi-in�nite pro-gramming.2.1 Dis
laimerThis software was developed in the 
ontext of the Ph.D. work of the �rst author advisedby the se
ond and third authors. This work is far from being 
omplete. We dis
laim anyresponsibility for the use of this software and solutions presented by the solver should be
arefully used. This software is provides in the as is basis and may not suite your purposealthough we wel
ome any suggestions and improvements.7



8 CHAPTER 2. INTRODUCTION2.2 Semi-In�nite ProgrammingA SIP problem is a mathemati
al program of the form:minx2Rn f(x)s:t: gi(x; t) � 0; i = 1; : : : ; mhi(x) � 0; i = 1; : : : ; ohi(x) = 0; i = o+ 1; : : : ; q8t 2T , (2.1)
where f(x) is the obje
tive fun
tion, gi(x; t); i = 1; : : : ; m, are the in�nite and hi(x); i =1; : : : ; q, the �nite 
onstraint fun
tions. T � Rp is, usually, a 
artesian produ
t of intervals([�1; �1℄� [�2; �2℄� � � � � [�p; �p℄).These problems are 
alled semi-in�nite programming problems due to the 
onstraintsgi(x; t) � 0; i = 1; : : : ; m. T is an in�nite index set and therefore (2.1) is a problem with�nitely many variables over an in�nite set of 
onstraints.A natural way to solve the SIP problem (2.1) is to repla
e the in�nite set T by a �niteone. There are several ways of doing this. One is by dis
retization methods, the otheris by ex
hange methods, and another by redu
tion methods (see [17℄, for a more detailedexplanation).In dis
retization methods the in�nite set T is repla
ed by a sequen
e of subsets T0 �T1 � � � � � TN � T (usually the subsets Tk, k = 0; : : : ;N are grids of points). In ea
hiteration some points in the subset Tk are 
hosen and used in the 
onstraints to form a �nitesub-problem. The solution to the SIP problem is approximated by the solution on the �nalsubset TN and may not be a stationary point for SIP (see, for example [15, 16, 20, 29, 37℄).In ex
hange methods [13, 30, 49, 53℄ approximated solutions to the following problemsare 
omputed, for a given x 2 Rnmaxt2T gi(x; t); i = 1; : : : ; m. (2.2)The �nite sub-problem is then solved with the approximated solutions.In redu
tion methods [14, 21, 27, 28, 50℄ all the global and some lo
al maxima for theproblem (2.2) are obtained. The �nite sub-problem is then solved with the solutions foundto problem (2.2).The �rst method implemented (Dis
retization method, Chapter 4) belongs to the dis-
retization 
lass. This solver will solve any problem in the SIPAMPL database that suitsthe de�nition (2.1). The other three methods implemented (Penalty solver, Chapter 5,SQP solver, Chapter 6 and Interior Point solver, Chapter 7) are restri
ted to problems inthe SIPAMPL database that have no �nite 
onstraints and only one in�nite variable. Wein
lude these methods in the dis
retization 
lass, sin
e the problem (2.2) is not addressed,although the methods do not use a grid of points.



Chapter 3Nonlinear Semi-In�nite ProgrammingSolverThe Nonlinear Semi-In�nite Programming Solver (NSIPS) is a solver for semi-in�nite pro-gramming problems. NSIPS v1.0 [38℄ implements three di�erent methods: dis
retization,penalty fun
tions and sequential quadrati
 programming. The dis
retization algorithmhas three versions and the penalty algorithm has two versions, resulting in a total of sixalgorithms. Version 2.0 adds the interior point method.The dis
retization and SQP methods use the NPSOL [11℄ to solve the resulting �nitesub-problem. NPSOL is a 
ommer
ial software and therefore we 
an not provide it withthe NSIPS. The distributed NSIPS binary version does not in
lude the NPSOL subroutinesand so the dis
retization and SQP methods 
an not be used. You 
an obtain the NPSOLthrough the following addresses:Stanford Business Software2680 Bayshore Parkway, Suite 304Mountain View, CA 94043Phone: +1-415-962-8719Fax: +1-415-962-1869or by the Internet addresshttp://www.sbsi-sol-optimize.
om/If NPSOL is available 
ompile the libopt.a, using the instru
tions provided with it,and then use it with the NSIPS.In the next se
tion, the instru
tions on how to obtain, use and install the NSIPSsoftware are des
ribed. Se
tion 3.3 shows how to pass options to the NSIPS and Se
tion3.4 presents the option for sele
ting the method used to solve a problem. The optionsreferring to the methods are dis
ussed in the solver spe
i�
 
hapter. The output produ
edby the solver is dis
ussed in Se
tion 3.5 and in se
tions for ea
h spe
i�
 solver.9



10 CHAPTER 3. NONLINEAR SIP SOLVERWhen no initial guess is known for the problem, an extra initial NLP sub-problem issolved with �ve dis
rete points per dimension and with a random initial guess (randombetween 0 and 1 in all dimensions). The solution from this NLP sub-problem is the initialguess to the SIP problem. For the NSIPS version without the NPSOL software it will notbe possible to start any method with problems that do not have an initial guess.3.1 Software limitationsMethods are limited to solve only problems of minimization with 
onstraints of type �.The following table presents the other limitations.



3.1.SOFTWARELIMITATIONS
11

Method Dis
retization Penalty SQP Interior PointTo what SIP problemsdoes it apply? � �nite intervalsof t � only in�nite
onstraints� �nite intervalof t� one in�nitevariable
� only in�nite
onstraints� �nite intervalof t� one in�nitevariable
� only in�nite
onstraints� �nite intervalof t� one in�nitevariableExternal needs NPSOL NPSOL (just forproblems withoutinitial guess) NPSOL NPSOL (just forproblems withoutinitial guess)



12 CHAPTER 3. NONLINEAR SIP SOLVER3.2 Using and installing NSIPSThe NSIPS software 
an be obtained in a binary form (Linux or Mi
rosoft Windows oper-ating system) and in a sour
e form.In the binary form it should be 
opied to a dire
tory where exe
ution is permitted andpreferably where the shell will look for exe
utables (dire
tory in the PATH environmentvariable).If the problem is in a stub form, to solve the problem one must write% nsips stubin the shell prompt (% is the Linux shell prompt).If the problem is in a module �le (SIPAMPL database [47℄) one should write% ampl problem.modwhere problem is the problem name under the SIPAMPL database.The same 
omments apply to the Windows version.In the sour
e form the �le nsips.tgz should be un
ompressed (tar xvzf nsips.tgz)in the same dire
tory as the SIPAMPL database. Figure 3.1 presents a typi
al dire
torystru
ture for the SIPAMPL database and NSIPS.
AMPL solver dire
tory?sip dire
tory? ? ? ?matlab nsips s_solver sipmodFigure 3.1: Organization of SIPAMPL and NSIPS dire
toriesThe NSIPS sour
e pa
kage provides three make�les. Two make�les for the LinuxOperating System: makefile.nps whi
h 
ompiles the NSIPS with the NPSOL (linksNSIPS with libopt.a) and makefile.std whi
h produ
es the version of NSIPS (with-out NPSOL). To use the make�les you 
an either



3.3. PASSING OPTIONS TO THE SOLVER 13� 
opy makefile.xxx to makefile and just run make, or� run make -f makefile.xxxbeing xxx the appropriate extension for the make�le 
orresponding to the desired version.The make�le make_std.v
 is for the Windows Operating System with the Mi
rosoft VisualC/C++ 
ompiler whi
h produ
es the distributed version of NSIPS. To use the make�leyou 
an either� 
opy make_xxx.v
 to makefile and just run nmake, or� run nmake -f make_xxx.v
being xxx the appropriate string for the make�le 
orresponding to the desired version.The NSIPS uses the SIPAMPL and AMPL interfa
e routines (see Figure 3.2). libsip.a(sipampl.lib) (SIPAMPL interfa
e routines) and amplsolver.a (amplsolv.lib) (AMPLinterfa
e routines) are linked with the NSIPS routines.
SIP database

AMPL

interface

AMPL

SIPAMPL

interface

NSIPS

Figure 3.2: NSIPS inter
onne
ted with the SIPAMPL interfa
e and AMPL
3.3 Passing options to the solverThe options are passed to the NSIPS in the standard way of passing options to any solver
onne
ted with the AMPL. Options to solvers 
an be given� as 
ommand line arguments,� in shell environment variables,



14 CHAPTER 3. NONLINEAR SIP SOLVER� in an options �le,� in the modeling �le (AMPL option 
ommand).The following examples will be given with respe
t to the NSIPS.In the 
ommand line argument, if the problem is in a stub form,% nsips stub [option =value ℄where option is the option to set with the value value . The [x℄ bra
kets means that x isoptional and may be repeated as many times as desired.We 
an set the nsips_options environment variable with the shell (bash) 
ommands% nsips_options='[option =value ℄'% export nsip_optionsIn the Windows Operating system the set 
ommand to 
hange an environment variablegives a syntax error if the sign= is used in the variable de
laration. Instead the environmentvariable OPTIONS_IN 
an be set. AMPL will read the �le pointed by this variable beforepro
essing the model. The MSDOS 
ommand% set OPTIONS_IN=.nnsipsopt.iniwill instru
t AMPL to read the �le nsipsopt.ini before reading the problem. The �lensipsopt.ini may have additional options to the solver as if they were inside the model�le.The option AMPL 
ommand 
an also be used to set the same optionsoption nsips_options '[option =value ℄';dire
tly in the AMPL 
ommand prompt or in the SIPAMPL problem �le, before the solve
ommand.3.4 Sele
ting the methodThe default method is the penalty method des
ribed in Chapter 5. This solver is thedefault sin
e it does not need the NPSOL routines.The method 
an be 
hanged be using the option method where the value 
an be oneof � dis
_hett for the Hetti
h modi�ed dis
retization method (Chapter 4);� dis
_halt for the Hetti
h modi�ed dis
retization method with the Halton pseudo-random points (Chapter 4);



3.5. SOLVER OUTPUT 15� dis
_reem for the Reemtsen modi�ed dis
retization method (Chapter 4);� penalty for the Penalty method (Chapter 5);� penalty_m for the Penalty method with the Augmented Lagrangian penalty fun
tions(Chapter 5);� sqp for the Sequential Quadrati
 Programming method (Chapter 6);� intp for the Interior Point method (Chapter 7).If one wishes to use the Hetti
h modi�ed method, the environment variable 
ould beused in the following form% nsips_options='method=dis
_hett'% export nsips_optionsfor the Linux Operating system, or% type nsipsopt.inioption nsips_options 'method=dis
_hett';% set OPTIONS_IN=.nnsipsopt.inifor the Windows Operating system and then invoking the solver.3.5 Solver outputThe 
oded problems in the SIPAMPL database in
lude some display 
ommands to printthe solution found by the solver. One 
an edit the .mod �le to obtain the values for theobje
tive fun
tion, 
onstraints fun
tions and variables. The output from ea
h methodwill be des
ribed in the 
orresponding 
hapter. Ea
h method will append a line to a �le(results) in the working dire
tory.
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Chapter 4Dis
retization methodThe dis
retization method is sele
ted with the optionnsips_options='method=dis
_hett'for the Hetti
h modi�ed version,nsips_options='method=dis
_halt'for the Hetti
h modi�ed version with Halton pseudo-random points, ornsips_options='method=dis
_reem'for the Reemtsen modi�ed version.Numeri
al results with the dis
retization method were presented in [37℄. We need totrans
ribe some parts of [37℄ in order to present the options to the solver. Se
tion 4.1presents some notation and de�nitions required to the des
ription of the implementedalgorithms implemented (Se
tion 4.2). In Se
tion 4.3 we des
ribe the options to the dis-
retization method. Se
tion 4.4 shows the solver output.4.1 De�nitions and some NotationThe following de�nitions are needed to des
ribe the dis
retization algorithms presented inthe next se
tion.De�nition 1 A grid is a set of the form T [h = (h1; h2; : : : ; hp)℄ = T \ft = (t1; t2; : : : ; tp) :ti = �i + jhi; j = 0; : : : ; ni; i = 1; : : : ; pg, where ni = (�i � �i)=hi.17



18 CHAPTER 4. DISCRETIZATION METHODDe�nition 2 NLP(T [h℄) is the following nonlinear programming sub-problem:minx2Rn f(x)s:t: gi(x; t) � 0; i = 1; : : : ; mhi(x) � 0; i = 1; : : : ; ohi(x) = 0; i = o+ 1; : : : ; q8t 2T [h℄ , (4.1)
The following sets are 
ru
ial in the algorithms pro
edure.R(xk) denotes the set of all points of the grid at iteration k that makes an in�nite
onstraint a
tive , i.e., R(xk) = ft 2 T [hk℄ : gi(xk; t) = 0g.S(xk) is the set of all points of the grid at iteration k that makes an in�nite 
onstrainta
tive or violated, i.e., S(xk) = ft 2 T [hk℄ : gi(xk; t) � 0g.4.2 The AlgorithmsDis
retization methods try to solve a SIP problem by repla
ing the in�nite set T by a �niteone that is, usually, a grid of points. These methods do not guarantee an exa
t or nearexa
t solution to the SIP but will solve the SIP in the �nal grid. These methods startwith an initial approximation to the solution and in order to 
onverge to an approximatesolution the methods solve the problem in a number of intermediate grids. In ea
h iterationthe methods re�ne the grid in a prede�ned way. To minimize the number of 
onstraintsin the sub-problem, the algorithms use only a sele
ted set of points in ea
h grid. Hetti
h[15, 16℄ and Reemtsen [29℄ de�ne two dis
retization methods, that we have modi�ed tosolve a nonlinear SIP problem.We have also implemented a Hetti
h version where the grid is repla
ed by a set ofpseudo-random numbers. These pseudo-random numbers are known as an Halton (see[27℄) sequen
e of points. The algorithm will start with a prede�ned number of pseudo-random points and, in ea
h re�nement, a number of points is added until a maximumallowed number of points has been rea
hed.The Hetti
h modi�ed algorithm is as follows:Algorithm 3 Hetti
h modi�ed versionstep 0: De�ne T [h0℄, set eT [h0℄ = T [h0℄. Solve NLP(eT [h0℄) and let x0 be the solution. De�neR = R(x0).step k: If S(xk�1) * eT [hk�1℄then: Make eT [hk�1℄ = R [ S(xk�1). Solve NLP(eT [hk�1℄) and let xk�1 be the solution.If R(xk�1) * R



4.3. DISCRETIZATION METHOD OPTIONS 19then: Set R = R [ R(xk�1).else: Add one point from eT [hk�1℄nR to R.Continue with Step k.else: If k > r stop. eT [hk℄ = R [ S(xk�1) [N(S(xk�1)). Solve NLP(eT [hk℄) and let xkbe the solution. Set R = R [R(xk). Go to Step k+1.where r is the number of re�nements and N(S(xk�1)) 
ontains the neighbors of points ofS(xk�1) in the full grid T [hk℄ that make an in�nite 
onstraint a
tive or violated.The modi�ed Reemtsen algorithm is presented below with some 
hanges in the notationto meet our requirements.Algorithm 4 Reemtsen modi�ed versionstep 0: Choose e"k 2 (0; 1) and eÆk � 0 (k = 1; : : : ; r). Set D0 = T [h0℄. Set also i = 0 andk = 1.step 1: Solve NLP (Di) and let xi be the solution.step 2: If k>r stop. Set Bi+1 = T [hk℄, "i+1 = e"k and Æi+1 = eÆk.If xi solves the full grid, i.e., gj(xi; t) � Æi+1 for all t 2 Bi+1 and j = 1; : : : ; mthen: In
rement k by one and 
ontinue with step 2.else: Set Di+1 = ft 2 Bi+1 : gj(xi; t) � �"i+1jf(xi)j; j = 1; : : : ; mg. In
rement i by oneand go to step 1.f(xi) is the obje
tive value in xi (solution of NLP(Di)).Two grid re�nements are made and they are as Hetti
h proposed in [15℄, i.e., h1 = h0=2,hk+1 = hk=3. In Reemtsen version of the algorithm e�k is updated by the formula� e�1 = e�0=(2)p for k = 0e�k+1 = e�k=(3)p for k 6= 0 .4.3 Dis
retization method optionsThe dis
retization method options are presented in Table 4.1. The �rst 
olumn (�Option�)presents the option name. Column �Type� presents the value that the option 
an take:�Integer� is an integer value (example: 1, 10, 100); �Double� is a real number in doublepre
ision (example: 1.0, 1, 1e+1, -1e-1) and �Doubles� is a 
omma separated list of �Double�type (example: 0.1,0.2 0.3,0.4 0.1). Column �Default� displays the default value for theoption and in the last 
olumn a brief des
ription of the option. Whenever the option hasa 
orresponden
e to the notation in the algorithms, it will be given.



20 CHAPTER 4. DISCRETIZATION METHODOption Type Default Des
riptiondis
_dist Double 0.1 Two points are neighbors if kx �yk2 <dis
_dist.dis
_eps Double 0.01 e�0.dis
_h Doubles 0.1 hi, i = 1; : : : ; p.dis
_h_mx Integer 100�p Number of Halton points added in ea
hre�nement.dis
_ha_mx Integer 1000�p Maximum number of Halton points.dis
_inner Integer 100 Maximum of NLP (eT [hk�1℄) solved for agiven k.dis
_k Integer 3 Number of re�nements, r.zero Double 10�6 Approximation to zero. Used to �nd a
-tive point and to 
ompare two points, eÆkfor all k.Table 4.1: Options for dis
retization method4.4 Dis
retization method outputThe dis
retization method will append the line& ig & fg & avg & nsub & fx \\to the output �le. �ig� is the number of points in the initial grid; �fg� is the number ofpoints in the �nal grid; �avg� is the average number of points in the �nite sub-problemssolved (number of �nite 
onstraints) - the number of 
onstraints in the �rst �nite sub-problem solved is not 
ounted; �nsub� is the number of �nite sub-problems solved; �fx� isthe obje
tive fun
tion value in the solution found. The �rst & is provided to in
lude theproblem name and to build a LATEX tabular environment to produ
e a table with results.The solver (if exe
uted by the AMPL) has no information about the problem name and
an not provide the �rst tabular �eld. One 
an use the following bash shell 
ommands% e
ho -n "problem" >> ./results% ampl problemto produ
e the following tabular 
omplete lineproblem & ig & fg & avg & nsub & fx \\and after in
luding the begin and end of the tabular, the line looks like thisproblem ig fg avg nsub fx .



Chapter 5Penalty methodThe penalty method in
ludes two versions, both based on a quasi-Newton method appliedto penalty fun
tions. The �rst method solves the un
onstrained problem (based on penaltyfun
tions), where no referen
e to Lagrange multipliers is made. This method is sele
tedwith the solver optionnsips_options='method=penalty'.The se
ond method solves the un
onstrained problem using an Augmented Lagrangianpenalty fun
tion or a multiplier penalty fun
tion. An estimation of the Lagrange multi-pliers is obtained through an updating formula. This method is sele
ted with the solveroptionnsips_options='method=penalty_m'.Se
tion 5.1 presents an overview on penalty fun
tions. In Se
tion 5.2 we present the�nite problem obtained from the semi-in�nite problem after applying a 
onstraint tran-s
ription. The penalty fun
tions are presented in Se
tion 5.3. The updating formula forthe Lagrange multipliers are shown in Se
tion 5.4. The new 
onstraints are rewritten asintegrals of the in�nite 
onstraints. We show how we have numeri
ally 
omputed theseintegrals in Se
tion 5.5. Se
tion 5.6 presents the integral 
omputational options. Se
tion5.7 des
ribes the implemented algorithm, Se
tion 5.8 presents the penalty method optionsand Se
tion 5.9 presents the penalty method output.5.1 Overview on penalty fun
tionsWe introdu
e now some notation that will be used in this 
hapter.21



22 CHAPTER 5. PENALTY METHODFor z 2 R, let z+ = maxf0; zgand sgn(z) = 8<: +1 if z > 00 if z = 0�1 if z < 0.Teo and Goh in [32℄ proposed a 
onstraint trans
ription from problem (2.1) into a non-linear �nite problem (NLP) where the in�nite inequality 
onstraints are transformed intoequality �nite 
onstraints of the form:Gi(x) � 
 ZT [gi(x; t)℄2+ dt = 0; i = 1; : : : ; mwhere 
 is an empiri
al weighting fa
tor whi
h is used to improve the numeri
al a

ura
y.However the new 
onstraints of the NLP problem do not satisfy the usual 
onstraint qual-i�
ation, and therefore the 
onvergen
e, with typi
al methods for NLP, is not guaranteed.In spite of this Teo and Goh reported su

essful numeri
al experien
e with two examples.Note 5 For an exa
t penalty fun
tion there exists � > 0, su
h that a lo
al minimizer of�(x; �), x�(�), is a solution of (2.1), x�, for � > �. So, a unique minimization of �(x; �)is required.Conn and Gould in [6℄ proposed an exa
t penalty fun
tion for semi-in�nite programmingproblems with the following form�CG(x; �) = f(x) + � mXi=1  Psij=1 R
ij(x) gi(x; t)dtPsij=1 R
ij(x) dt ! (5.1)where, for any x, there is a �nite set of sets 
ij(x) su
h that(i) 
ij � T , 1 � j � si = si(x) <1,(ii) gi(x; t) � 0, 8t 2 
ij(x) and gi(x; t) < 0, 8t 2 T n [sij=1
ij(x),(iii) 
ij(x) \ 
ik(x) = f;g if j 6= k, and(iv) 
ij(x) is 
onne
ted and non-trivial, i.e., R
ij(x) dt > 0.



5.1. OVERVIEW ON PENALTY FUNCTIONS 23The denominator has been in
luded to make the penalty for infeasibility strong enoughin order for the penalty fun
tion to be exa
t (see Note 5). The 
omputation of the sets 
ij,i = 1; : : : ; m, j = 1; : : : ; si for the penalty fun
tion (5.1) evaluation is a major drawba
k ofthis de�nition. Instead the following de�nition 
an be used�CG(x; �) = f(x) + � mXi=1 RT [gi(x; t)℄+dtRT [sgn (gi(x; t))℄+dt (5.2)whi
h is in some way equivalent to (5.1) [27℄.However the penalty fun
tion (5.2) is not smooth and a nondi�erentiable or derivativefree algorithm must be used. See, for example, Polak [26℄ for a review on nondi�erentiableoptimization and Wolfe [52℄ for the derivative free Powell method.In a later paper Jennings and Teo [19℄ showed how problem (2.1) 
an be repla
ed byan approximate problem (in a similar form as in [32℄) with 
ontinuously di�erentiable
onstraints in x. The approximate problem is thenminx2Rn f(x)s:t: Gi;�(x) � ZT gi;�(x; t)dt = 0; i = 1; : : : ; m (5.3)with gi;�(x; t) = 8><>:0; if gi(x; t) < ��;(gi(x; t) + �)2 =4�; if � � � gi(x; t) � �;gi(x; t); if gi(x; t) > �; (5.4)where � is a small real s
alar.In fa
t, the equality 
onstraints Gi;�(x) = 0 in problem (5.3) do not, again, satisfy theusual 
onstraint quali�
ation and it is not advisable to solve the problem in formulation(5.3). The following approximate problem is then solvedminx2Rn f(x)s:t: Gi;�(x) < �;i = 1; : : : ; m (5.5)being � a small real s
alar. The routine E04VCF in the NAG library [22℄ was used, in [19℄,to solve problem (5.5). � and � are updated during the pro
ess and we will herein omit itsdes
ription.Teo et al. in [33℄ developed a new algorithm based on the L1 exa
t penalty fun
tionte
hnique �1(x; �) = f(x) + � mXi=1 ZT gi;�(x; t)dt.



24 CHAPTER 5. PENALTY METHODOther lo
al smoothing te
hnique 
onsists of repla
ing the [gi(x; t)℄+ term by gi(x;t)+p(gi(x;t))2+�22 .While the smoothing te
hnique used by Teo is only C1 (gi;�(x; t) is not twi
e 
ontinu-ously di�erentiable in �� and �) the one presented here is C1 everywhere.5.2 Problem with 
onstraints trans
riptionWe will use the following problem to approximate (2.1)minx2Rn f(x)s:t: ZT [gi(x; t)℄+ dt � �; i = 1; : : : ; m. (5.6)This problem will satisfy the usual 
onstraint quali�
ation.The Lagrangian of problem (5.6) isL(x; �) = f(x) + mXi=1 �i�ZT [gi(x; t)℄+ dt� �� (5.7)and rxL(x; �) = rxf(x) + mXi=1 �i ZT [rxgi(x; t)℄+ dt (5.8)where [rxgi(x; t)℄+ = (rxgi(x; t) if gi(x; t) > 00 if gi(x; t) � 0 (5.9)5.3 The penalty fun
tionsIn this se
tion we des
ribe the implemented penalty fun
tions. We applied primal methodsto the various penalty fun
tions.In the use of primal methods one tries to solveminx2Rn �S(x; �); minx2Rn �AL(x; �; �) or minx2Rn �EMP (x; �; �) (5.10)where �S(x; �), �AL(x; �; �) and �EMP (x; �; �) are� Simple penalty fun
tions�1S(x; �) = f(x) + � mXi=1 ZT gi;�(x; t)dt (5.11)



5.4. UPDATING THE MULTIPLIERS 25
�2S(x; �) = f(x) + �2 mXi=1 ZT gi;�(x; t)2dt (5.12)and �3S(x; �) = f(x) + � mXi=1 ZT �egi;�(x;t) � 1� dt (5.13)� A penalty fun
tion based on the Augmented Lagrangian with updating formula (mul-tiplier method) for estimated Lagrange multipliers�AL(x; �; �) =f(x) + mXi=1 �i�ZT gi;�(x; t)dt� ��+ �2 mXi=1 �ZT gi;�(x; t)dt�2 (5.14)where � = (�1; : : : ; �m)T is the Lagrange multiplier ve
tor.� An exponential penalty fun
tion based on a multiplier method�EMP (x; �; �) = f(x) + 1� mXi=1 �i �e�(RT gi;�(x;t)dt��) � 1� (5.15)5.4 Updating the multipliersDuring the optimization pro
edure the optimal Lagrange multipliers ve
tor is not knownand so an updating formula for the multipliers is needed.The multiplier updating formula for the augmented Lagrangian (5.14) is�k+1i = �ki + � ZT gi;�(xk; t)dt; i = 1; : : : ; m. (5.16)where k is the iteration 
ounter.The updating formula for the exponential penalty fun
tion (5.15) is�k+1i = �ki e�(RT rxgi;�(xk;t)dt��); i = 1; : : : ; m. (5.17)



26 CHAPTER 5. PENALTY METHOD5.5 Evaluating the penalty fun
tionThe integrals in the penalty fun
tions are numeri
ally 
omputed. We use adaptative trape-zoid or Gaussian formulae.A trapezoid formula to evaluate a simple integral on T = [a; b℄ based on two points isZ ba h(x)dx � b� a2 [h(a) + h(b)℄ .The evaluation of the integral with a given pre
ision � is done re
ursively in the followingway. We start by 
omputing the integral using a two point trapezoid formula in the set[a; b℄ and in the subsets �a; a+b2 �, �a+b2 ; b�. If the error between the approximations is greaterthen �T , i.e., �����Z ba h(x)dx� Z a+b2a h(x)dx+ Z ba+b2 h(x)dx!����� > �Tthen we pro
eed re
ursively in the subsets �a; a+b2 � and �a+b2 ; b�. Otherwise we a

eptR a+b2a h(x)dx+ R ba+b2 h(x)dx as a good approximation to the integral.In this way the fun
tion evaluations are mostly required where the fun
tion is lesssmooth.This adaptative idea 
an also be used with a Gaussian formula. In spite of the Gaussianformula having in general a better a

ura
y, with some 
areful programming the trapezoidformula requires less fun
tion evaluations, sin
e all fun
tion evaluations in the Gaussianformula are dis
arded if a subdivision is needed in a given set.In �gure 5.1 the �rst in�nite 
onstraint for hetti
h2 SIPAMPL [36℄ problem is usedto illustrate the integral evaluation by a Gaussian adaptative formula. The solid linerepresents the fun
tion �� �t2 � �p1t+ p2et��� d�+with p1 = 0:675751, p2 = 0:285805, d = 0:536671 and t 2 [0; 2℄. The + signs are the pointswhere the set [0; 2℄ was splited with � the 
orresponding fun
tion value. Please note thatin the set [1; 2℄ the fun
tion is 
onstant and only three fun
tion evaluations are needed.In the adaptative trapezoid formula the initial interval [a; b℄ is divided into a pre-de�ned number of sub-intervals ni and a re
ursive formula is applied in ea
h subset�a+ i � b�ani ; a+ (i+ 1) � b�ani �, with i = 0; : : : ; ni� 1.The number of fun
tion evaluations is not limited, but the amplitude of the subset is.The interval [x; y℄ will not be splited if y � x < �.
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Figure 5.1: Gaussian adaptative formula in �rst in�nite 
onstraint for hetti
h2 SIPAMPLproblem



28 CHAPTER 5. PENALTY METHOD5.6 Options on integral 
omputationOptionpf_int=gaussiansele
ts the Gaussian adaptative formula (ea
h sub-interval estimation is done by a Gaus-sian formula). Optionpf_int=trapezoidsele
ts the Trapezoid adaptative formula (ea
h sub-interval estimation is done by a Trape-zoid formula). Table 5.1 presents other options for tunning the integral 
omputation.The 
olumns in Table 5.1 have the same meaning as in Table 4.1.Option Type Default Des
riptionint_amp Double 10�2 Minimum integral amplitude �int_error Double 10�8 Pre
ision in integral 
omputation �Tint_n Integer 20 Number of initial sub-intervals in adapta-tive integration ni, or number of Gaussianpoints in Gaussian adaptative formula. 6,8, 16 are the allowed number of Gaussianpoints.Table 5.1: Options for integral 
omputation5.7 The algorithmFor the primal methodminx2Rn �S(x; �) ; minx2Rn �AL(x; �; �) or minx2Rn �EMPthe sequential penalty algorithm used was a quasi-Newton (QN) type algorithm based onthe BFGS updating formula.A des
ription of the algorithm follows.Algorithm 6 (Primal method)Step (a) Given x0, �, � Æ1, Æ2 and � (if � is �AL or �EMP ). Let i = 0, j = 0, k = 0,y0 = x0.Step (b) Outer iteration. Let x0 = yk.



5.8. PENALTY METHOD OPTIONS 29Method pf_type Penaltypenalty p1 (5.11)p2 (5.12)p3 (5.13)penalty_m p1 (5.14)p3 (5.15)Table 5.2: Relation between the options and the penalty fun
tion sele
tedStep (
) Inner iteration. Update H by the BFGS formula (if i = 0 then H = Identitymatrix). Let di = �Hrx�.Step (d) Let �i be the step size 
omputed by an Armijo like rule that su�
iently de
reasesthe penalty fun
tion �.Step (e) Set xi+1 = xi + �idi.Step (f) If there is not a signi�
ant evolution from xi to xi+1 � kxi+1�xikkxi+1k < Æ1� then setk = k + 1, yk = xi+1, i = 0, and go to Step (g). Else set i = i+ 1 and go to Step(
).Step (g) If RT gi;�(yk; t)dt 6= 0 then update � (if � is �AL or �EMP ), � and go to Step(b). Else, if j > 0 and there is not a signi�
ant evolution from yeps and yk�kyeps�ykkkykk < Æ2� then stop with yk as an approximatted solution. Else set j = j+1,yeps = yk, update � and go to Step (b)5.8 Penalty method optionsThe optionpf_type=[p1|p2|p3℄will sele
t the penalty fun
tion to be used. Table 5.2 presents the relation between theoptions p1, p2 and p3.The options to the penalty method are presented in Table 5.3.The 
olumns in Table 5.3 have the same meaning as in Table 4.1.



30 CHAPTER 5. PENALTY METHODOption Type Default Des
riptionarmijo Double 10�1 Constant � in Armijo ruledamped Integer 1 0 if no damped BFGS updating formulais used. For any other integer value thedamped formula is used. See [25℄maxiteri Integer 400 Maximum allowed number of inner itera-tionsmaxitero Integer 400 Maximum allowed number of outer itera-tionsmu0 Double 1 Initial approximation to the penalty pa-rameter �0muf Double 10 Multiplying fa
tor for the penalty param-eterpf_pre
i Double 10�4 Inner iteration stopping 
riteria Æ1pf_pre
o Double 10�4 Outer iteration stopping 
riteria Æ2pf_eps Double 10�4 Initial smoothing parameter for di�eren-tiability �0reset Integer 0 0 if no reset of the estimation of the Hes-sian inverse if requested. Any integervalue for reset.s
ale Integer 0 0 if no s
aling is wanted. Any value oth-erwise. If the norm of the dire
tion is notin range [10�2; 102℄ the dire
tion will bes
aled to �t the values.Table 5.3: Options for penalty method5.9 The penalty method outputThe penalty method will append the line& ti & no & npf & ngpf & fx & miu & eps \\to the output �le. �ti� is the number of total inner iterations; �no� is the number of outeriterations; �npf� is the number of penalty fun
tion evaluations; �ngpf� is the number ofpenalty gradient evaluations; �fx� is the obje
tive fun
tion value in the solution found;�miu� is the last penalty parameter used and �eps� is the last � used (di�erentiabilityparameter).The same 
omment of Se
tion 4.4 about building a LATEX tabular environment applies.



Chapter 6Sequential quadrati
 programmingmethodThe sequential quadrati
 method is sele
ted with the optionnsips_options='method=sqp'.Se
tion 6.1 introdu
es the SQP te
hnique. The approximation to the dual fun
tions andthe dual problem are des
ribed in Se
tion 6.2. The merit fun
tion used to measure progresstoward the solution is des
ribed in Se
tion 6.3. Se
tion 6.4 presents the full implementedalgorithm. The options to the SQP methods are shown in Se
tion 6.5 and Se
tion 6.6shows the SQP method output.6.1 Sequential quadrati
 programming te
hniqueThe Lagrangian fun
tion asso
iated with problem (2.1) 
an be equated in the followingway L(x; v) = f(x) + mXj=1 Z ba gj(x; t)dvj(t) (6.1)where the integrations are Lebesgue-Stieltjes (see for example [51℄) integrals with measuresindu
ed by v(t) (ve
tor fun
tion v(t) = (v1(t); : : : ; vm(t))T ).The �rst derivative of the Lagrangian fun
tion (5.7) with respe
t to x 
an be obtainedby the following formularxL(x; v) = rf(x) + mXj=1 Z ba rxgj(x; t)dvj(t) (6.2)31



32 CHAPTER 6. SQP METHODGiven an xk (x at iteration k), a lo
al quadrati
 approximation to problem (2.1), heredenoted by quadrati
 semi-in�nite programming (QSIP) is:mind2Rn fQ(d) = 12dTHkd+ dTrf(xk)s:t: dTrxgj(xk; t) + gj(xk; t) � 0;j = 1; : : : ; m; 8t 2 [a; b℄ , (6.3)where Hk is a symmetri
 positive de�nite matrix, rf(xk) is the gradient of the obje
tivefun
tion and rxgj(xk; t), j = 1; : : : ; m are the gradients of the in�nite 
onstraints, withrespe
t to the x variable.The sequential quadrati
 semi-in�nite programming (SQSIP) te
hnique solves a se-quen
e of QSIP problems (6.3) for dk, the sear
h dire
tion used to 
ompute a new ap-proximation, xk+1 = xk + �kdk, to the solution of the original problem (2.1), where �k isobtained through a line sear
h pro
edure.The SQSIP te
hnique is des
ribed in the following algorithm.Algorithm 7 SQSIP algorithmStep (a) Given x0. Let k = 0.Step (b) Compute Hk.Step (
) Solve the QSIP problem to obtain the sear
h dire
tion dk.Step (d) If dk = 0 then stop.Step (e) Line sear
h. Find �k su
h that xk+1 = xk + �kdk gives a su�
ient de
rease in amerit fun
tion.Step (f) If there is not a su�
ient di�eren
e from xk+1 and xk then stop with xk+1 as anapproximated solution. Else let k = k + 1 and go to Step (b).6.2 Solving the QSIP problemSome of the theory presented in [23℄ will be used to show how the QSIP problem is solved.The Lagrangian fun
tion asso
iated with problem (6.3) isL(d; v) = 12dTHkd+ dTrf(xk) + mXi=1 Z ba �dTrxgj(xk; t) + gj(xk; t)� dvj(t) (6.4)where on
e again the integrations are Lebesgue-Stieltjes integrals with measures indu
edby v(t).



6.2. SOLVING THE QSIP PROBLEM 33Let V [a; b;Rm℄ be the spa
e of all normalized bounded variation fun
tions from [a; b℄to Rm, whi
h are right-
ontinuous on (a; b) and vanish at t = a. Let V� be the set of allthe nonde
reasing fun
tions of V [a; b;Rm℄.Assumption 8 The interior of the feasible set of problem (6.3) is nonempty.Lemma 9 If Hk is positive de�nite then problem (6.3) has a unique solution d�.The following theorem follows from the Duality Theory.Theorem 10 (Theorem 3.2 in [23℄) Let d� be the unique solution to problem (6.3). ThenfQ(d�) = maxv2V� mind2Rn L(d; v) (6.5)and the maximum on the right hand side of (6.5) is a
hieved at some v� 2 V�. Furthermore,fQ(d�) = mind2Rn L(d; v�) . (6.6)For a given v 2 V [a; b;Rm℄ the unique solution d(v) to the problemmind2Rn L(d; v) (6.7)is given by d(v) = �H�1k  rf(xk) + mXj=1 Z ba rxgj(xk; t)dvj(t)! (6.8)whi
h 
an be easily seen by solving the equationrdL(d; v) = 0 .The right hand side of (6.5) 
an be written as a dual problemminv2V� L�(v) (6.9)where L�(v) is the dual fun
tional given byL�(v) =� L(d(v); v)=12  rf(xk) + mXj=1 Z ba rxgj(xk; t)dvj(t)!T H�1k rf(xk) + mXj=1 Z ba rxgj(xk; t)dvj(t)!� mXj=1 Z ba gj(xk; t)dvj(t) (6.10)



34 CHAPTER 6. SQP METHODAs the dual variables v in (6.9) are measures of the integration, to solve problem (6.9)an approximation to v(t) by pie
ewise linear fun
tions in [a; b℄ as 
onsidered. Let F� � V�be the set of all these fun
tions. Leta = t0 < t1 < � � � < tl < tl+1 = bbe a partition of the set [a; b℄. Let the ve
tor fun
tion v(t) 2 F�l � F� be de�ned byvj(t) = 8><>:w1j(t� a); for t 2 [a; t1) ;aij + wi+1j(t� ti); for t 2 [ti; ti+1) ; i = 1; 2; : : : ; l � 1;alj + wl+1j(t� tl); for t 2 [tl; b℄ ; (6.11)j = 1; : : : ; m, where aij = iXp=1 hpj + iXp=1 wpj(tp � tp�1); i = 1; : : : ; l (6.12)being ti, i = 1; : : : ; l the partition points, hij, i = 1; : : : ; l, j = 1; : : : ; m the dis
ontinuityjumps and wij, i = 1; : : : ; l + 1, j = 1; : : : ; m line segment slopes (see Figure 6.1).
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Figure 6.1: Linear segments to approximate v(t) with l = 2 and m = 2.With approximation (6.11) to v(t) and the properties of Lebesgue-Stieltjes integration,the integrals in (6.10) 
an be approximated by the following formulaeZ ba rxgj(x; t)dvj(t) = lXi=1 rxgj(x; ti)hij + l+1Xi=1 wij Z titi�1 rxgj(x; t)dt (6.13a)and Z ba gj(x; t)dvj(t) = lXi=1 gj(x; ti)hij + l+1Xi=1 wij Z titi�1 gj(x; t)dt (6.13b)



6.3. MERIT FUNCTION 35and the solution of problem (6.9) by minv2F�l L�l (v) (6.14)with l suitable large, where L�l (v) is given byL�l (v) =12  rf(xk) + mXj=1 
j!T H�1k  rf(xk) + mXj=1 
j!� mXj=1  lXi=1 gj(xk; ti)hij + l+1Xi=1 wij Z titi�1 gj(xk; t)dt! (6.15)with 
j = lXi=1 rxgj(xk; ti)hij + l+1Xi=1 wij Z titi�1 rxgj(xk; t)dt.See [23℄ for details.Note 11 In the problem (6.14) the 
onstraint v(t) 2 F�l is equivalent to the following
onstraints 8><>:wij � 0 i = 1; : : : ; l + 1; j = 1; : : : ; mhij � 0 i = 1; : : : ; l; j = 1; : : : ; mti � ti+1 i = 0; : : : ; l. (6.16)Note 12 This new problem based on (6.15) and (6.16) has m + lm + (l + 1)m variables,(l + 1)m + lm + 2 simple bound 
onstraints and l � 1 linear 
onstraints and is no longerquadrati
.6.3 Merit fun
tionWe measure progress to the solution of the SIP problem by means of the following meritfun
tion �(x; �) = f(x) + 12� mXj=1 Z ba [gj(x; t)℄2+ dt. (6.17)where � is a positive parameter and [
℄+ = maxf
; 0g.We use the following pro
edure to 
ompute the penalty parameter �k+1 whi
h ensuresthat d from (6.8) is a des
ent dire
tion for (6.17), at xk.



36 CHAPTER 6. SQP METHODAlgorithm 13 Computation of the penalty parameterStep (a) Compute �dTHkd�Pmj=1 R ba dTrxgj(xk; t)dvj(t). If it is negative then set �k+1 =�k, go to Step (d).Step (b) Compute mXj=1 Z ba [gj(xk; t)℄2+ dt. (6.18)If (6.18) is zero, as a safeguarded pro
edure take d = �rx�(xk; �k) and set�k+1 = �k, go to Step (d).Step (
) Set �k+1 = 10max(�dTHkd�Pmj=1 R ba dTrxgj(xk; t)dvj(t)Pmj=1 R ba [gj(xk; t)℄2+ dt ; �k) (6.19)Step (d) Pro
eed.The step size �k used is the �rst member of the sequen
e f1; �; �2; : : : g, � = 0:5, thatsatis�es the Armijo rule�(xk + �kd; �k+1) � �(xk; �k+1) + ��kdTrx�(xk; �k+1), (6.20)with � 2 (0; 1), �xed.6.4 The 
omplete algorithmWe are now in position to present the full implemented algorithm.Algorithm 14 SQSIP full algorithmStep (a) Given x0, Æ1 and Æ2. Let k = 0 and l = 1.Step (b) Update H�1k by a BFGS formula (if k = 0 then Hk =Identity matrix).Step (
) Let b = rf(xk).



6.4. THE COMPLETE ALGORITHM 37Step (d) Solve the following problemminti;hij ; i=1;:::;lwij ; i=1;:::;l+1j=1;:::;m L�l (ti; hij; wij) = 12  b+ mXj=1 
j!T H�1k  b + mXj=1 
j!� mXj=1  lXi=1 gj(xk; ti)hij + l+1Xi=1 wij Z titi�1 gj(xk; t)dt!s:t:w � 0; h � 0; ti+1 � ti � 0; i = 0; : : : ; l (6.21)
with 
j = lXi=1 rxgj(xk; ti)hij + l+1Xi=1 wij Z titi�1 rxgj(xk; t)dtto obtain the v(t) unknowns.Step (e) Obtain the sear
h dire
tion ~dl from~dl(ti; hij; wij) = �H�1k  b + mXj=1 
j! (6.22)where t, h and w de�ne the solution to problem (6.21) at iteration l.Step (f) If there is a su�
ient di�eren
e from ~dl�1 and ~dl (k ~dl�1� ~dlk2k ~dlk2 > Æ1) and l < n, thenlet l = l+1 and go to Step (d). Else stop with dk = ~dl as an appropriate solutionto problem (6.3).Step (g) if dk = 0 then stop with xk as the solution.Step (h) Penalty parameter. Compute �k+1 using the Algorithm 13.Step (i) Line sear
h. Find �k the �rst element of the sequen
e f1; �; �2; : : : g that satis�esthe Armijo rule (6.20).Set xk+1 = xk + �kdk.Step (j) If there is not a su�
ient di�eren
e from xk+1 and xk (kxk+1�xkk2kxk+1k2 < Æ2) then stopwith xk+1 as an approximated solution. Else if l = n go to Step (b), else letl = maxf1; l � 1g and go to Step (b).The initial guess to the problem (6.21) is the following8><>:ti = i b�al+1 ; i = 1; : : : ; lhij = 1:0; i = 1; : : : ; l; j = 1; : : : ; mwij = 1:0; i = 1; : : : ; l + 1; j = 1; : : : ; m (6.23)



38 CHAPTER 6. SQP METHODSin
e the solutions of the several solved QSIP subproblems approximate (by linearsegments) the multiplier fun
tions (vj(t), j = 1; : : : ; m) of problem (2.1) the algorithmimplemented has the ability to use the previous solution (for a given l) as initial guess tothe next QSIP sub-problem.Problem (6.21) was solved with the NPSOL software pa
kage. With a low integral
omputation a

ura
y the use of �nite di�eren
es to approximate the �rst derivatives ofL�l with respe
t to the variables t, h, and w is not re
ommended. We have 
oded the �rstderivatives instead.For the matrix Hk we have implemented a BFGS updating s
heme to approximate theHessian of the Lagrangian fun
tion, r2xxL(xk; v).Another issue 
on
erning problem (6.21) is the one dimensional integral 
omputations.Sin
e the intervals [ti�1; ti℄may be small and to redu
e the number of integral 
omputations,the l + 1 integrals wij Z titi�1 rxgj(xk; t)dt and wij Z titi�1 gj(xk; t)dt (6.24)are repla
ed by Z ba !j(t)rxgj(xk; t)dt and Z ba !j(t)gj(xk; t)dt (6.25)respe
tively where !j(t) = wij if t 2 [ti�1; ti℄ . (6.26)We approximated the integrals (6.25) by a adaptative trapezoid formula as in [40℄ (seeSe
tion 5.5).6.5 The SQP method optionsIn the 
omputation of the integrals the options of Se
tion 5.6 are still valid for tuning theintegral 
omputation. The options to the SQP method are presented in Table 6.1.The 
olumns in Table 6.1 have the same meaning as in Table 4.1.6.6 The SQP method outputThe SQP method will append the line& no & nmf & ngmf & n
 & ng
 & fx \\to the output �le. �no� is the number of outer iterations; �nmf� is the number of meritfun
tion evaluations; �ngmf� is the number of merit gradient evaluations; �n
� is the number



6.6. THE SQP METHOD OUTPUT 39Option Type Default Des
riptionarmijo Double 10�1 Constant � in Armijo rule.damped Integer 1 0 if no damped BFGS updating formulais used. For any other integer value thedamped formula is used. See [25℄.maxiteri Integer 400 Maximum allowed number of inner itera-tions.maxitero Integer 400 Maximum allowed number of outer itera-tions.pf_pre
i Double 10�4 Inner iteration stopping 
riteria Æ1.pf_pre
o Double 10�4 Outer iteration stopping 
riteria Æ2.reset Integer 0 0 if no reset of the estimation of the Hes-sian inverse if requested. Any integervalue for reset.s
ale Integer 0 0 if no s
aling is wanted. Any value oth-erwise. If the norm of the dire
tion is notin range [10�2; 102℄ the dire
tion will bes
aled to �t the values.dual_ini Integer 1 0 if no reset on the initial guess to theQSIP is wanted. Any other value oth-erwise (always use the initial guess in(6.23)).Table 6.1: Options for the SQP methodof 
onstraint evaluations; �ng
� is the number of 
onstraint gradient evaluations and �fx�is the obje
tive fun
tion value in the solution found.The same 
omment of Se
tion 4.4 about building a LATEX tabular environment applies.
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Chapter 7Interior Point methodThe interior point method is sele
ted with the optionnsips_options='method=intp'.Se
tion 7.1 presents the interior point paradigm. Se
tion 7.2 is devoted to the imple-mentation details and Se
tion 7.3 presents the full implemented algorithm. Se
tion 7.4presents the method options and Se
tion 7.5 shows the output results from the method.Proof of theorems are omitted. The user is referred to [46℄ for details.7.1 The interior point methodWe will use the following approximate problem to solve (2.1)minx2Rn f(x)s:t: ZT gi;�(x; t)dt � �; i = 1; : : : ; m (7.1)for a positive de
reasing sequen
e of � values andgi;�(x; t) = gi(x; t) +q(gi(x; t))2 + �22 . (7.2)We now follow the main ideas in [31, 34, 35℄.Adding nonnegative sla
k variables, !i, i = 1; : : : ; m, we reformulate problem (7.1) asminx2Rn;!2Rm f(x)s:t: ZT gi;�(x; t)dt� � + !i = 0!i � 0; i = 1; : : : ; m. (7.3)
41



42 CHAPTER 7. INTERIOR POINT METHODbeing ! the ve
tor with !i 
omponents.We eliminate the inequality 
onstraints in (7.3) by pla
ing them in barrier terms in theobje
tive fun
tion, resulting in the barrier problemminx2Rn;s2Rm f(x)� � mXi=1 log(si + �)s:t: ZT gi;�(x; t)dt+ si = 0;i = 1; : : : ; m (7.4)
where s is the ve
tor of the si = !i � � variables and � > 0 is the barrier parameter. Theasso
iated Lagrangian fun
tion isL�(x; s; �) = f(x)� � mXi=1 log(si + �)� mXi=1 �i�ZT gi;�(x; t)dt+ si� (7.5)and the �rst-order KKT 
onditions for a minimum arerxL�(x; s; �) = rf(x)� mXi=1 �i ZT rxgi;�(x; t)dt = 0 (7.6a)rsL�(x; s; �) = ��S�1e� � = 0 (7.6b)r�L�(x; s; �) = �g(x)� s = 0 (7.6
)where S is a diagonal matrix with elements si + � , i = 1; : : : ; m, e is the unit ve
tor, g(x)is a ve
tor with elements RT gi;�(x; t)dt, s is the ve
tor of the si and � is the ve
tor of the�i. We now modify (7.6) by multiplying equation (7.6b) by S, giving the following primal-dual system rf(x)� mXi=1 �i ZT rxgi;�(x; t)dt = 0 (7.7a)��e� S�e = 0 (7.7b)�g(x)� s = 0 (7.7
)where � is a diagonal matrix with elements �i.



7.1. THE INTERIOR POINT METHOD 43Applying Newton's method to (7.7) we obtain the following system0�H(x; �) 0 �J(x)0 �� �S�JT (x) �I 0 1A0��x�s��1A = 0��rf(x) +Pmi=1 �i RT rxgi;�(x; t)dt�e+ S�eg(x) + s 1A (7.8)where H(x; �) = r2f(x)� mXi=1 �i ZT r2xxgi;�(x; t)dt, (7.9)J(x) = �ZT rxg1;�(x; t)dt; : : : ; ZT rxgm;�(x; t)dt� (7.10)and (�x;�s;��) is the Newton dire
tion.System (7.8) 
an be rewritten in a shorter form as0� H 0 �J0 �� �S�JT �I 0 1A0��x�s��1A = 0��
�1A (7.11)where � = �rf + J� (7.12a)
 = �e+ S�e (7.12b)� = �g + s. (7.12
)The ve
tor � measures dual infeasibility and ve
tor � measures primal infeasibility.Theorem 15 (Similar to Theorem 1 in [35℄.)If N = H � JS�1�JT is nonsingular, system (7.11) has a unique solution given by�x = �N�1rf � �N�1JS�1e+N�1JS�1�� (7.13a)�s = JTN�1rf + �JTN�1JS�1e� (I + JTN�1JS�1�)� (7.13b)�� = S�1��+ S�1�JTN�1� � S�1�JTN�1JS�1
 +S�1�JTN�1JS�1��� S�1
. (7.13
)



44 CHAPTER 7. INTERIOR POINT METHODProof. [46, Theorem 3.1℄Given an initial approximation (x0; s0; �0), the method pro
eeds iteratively by 
omput-ing the next approximation in the following way8><>:xk+1 = xk + �k�xksk+1 = xk + �k�sk�k+1 = �k + �k��k (7.14)where k is the iteration 
ounter and �k is the step length sele
ted to ensure that theve
tors s + �e and � remain nonnegative and nonpositive respe
tively, and to guarantee
onvergen
e.7.2 Implementation details7.2.1 The merit fun
tionFor nonlinear optimization problems, a merit fun
tion or a �lter (see [9℄ or [3℄ in the interiorpoint 
ontext) should be used to ensure progress toward a lo
al minimizer and feasibility.This progress is a
hieved sele
ting the step length along the sear
h dire
tion so that asu�
ient redu
tion in the merit fun
tion is obtained.In [8℄ the author propose a merit fun
tion based in the squared l2-norm of the residual,but this merit fun
tion 
an drive the algorithm to lo
al minima, maxima or saddle points[31℄.We have implemented two merit fun
tions. The l2 merit fun
tion whi
h for problem(7.4) has the following form�(x; s;�; �) = f(x)� � mXi=1 log(si + �) + �2 �T�, (7.15)where � is given by (7.12
) and � > 0 is the penalty parameter. The augmented Lagrangianmerit fun
tion whi
h for problem (7.4) has the following formLA(x; s; �;�; �) = f(x)� � mXi=1 log(si + �)� �T�+ �2 �T�, (7.16)and on
e again � is given by (7.12
) and � > 0 is the penalty parameter.We are able to prove that for su�
iently large �, the step de�ned by (7.8) is a des
entdire
tion for the l2 and the augmented Lagrangian merit fun
tion when the problem isstri
tly 
onvex.



7.2. IMPLEMENTATION DETAILS 45Theorem 16 If N is positive de�nite, then there exists ��min > 0, su
h that the sear
hdire
tion (�x;�s) satis�es �rx�rs��T ��x�s� � 0for every � > ��min. The equality holds if and only if (x; s) satis�es (7.7) for some �.Proof. [46, Theorem 4.1℄Theorem 17 If N is positive de�nite, then there exists �LAmin > 0, su
h that the sear
hdire
tion (�x;�s;��) satis�es 0�rxLArsLAr�LA1AT 0��x�s��1A � 0for every � > �LAmin. The equality holds if and only if (x; s) satis�es (7.7) for some �.Proof. [46, Theorem 4.2℄In spite of the formula for the �min the algorithm pro
eeds in the following way toobtain a � su
h that the sear
h dire
tion is des
ent for the merit fun
tion.Algorithm 18 (� 
omputation)Step(a) If k = 0 then let �k = 0.Step(b) If �rx�rs��T ��x�s� < 0 or 0�rxLArsLAr�LA1AT 0��x�s��1A < 0then go to Step(d), otherwise go to Step(
)Step(
) If �k = 0 then set �k = 0:1 and go to Step(b), else �k = 10�k and go to Step(b).Step(d) Pro
eed with the line sear
h.



46 CHAPTER 7. INTERIOR POINT METHOD7.2.2 The step length sele
tionChoosing �k = 1 
ould violate the property that the variables !k = sk + �e and �k shouldremain nonnegative and nonpositive respe
tively. In the 
ontext of the dis
ussion presentedin Se
tion 7.1, this means that ski + �k�ski must remain greater than �� and �ki + �k��kimust remain negative, for i = 1; : : : ; m. So the inequalities�+ ��� � 0 (7.17)and s+ ��s � ��e (7.18)imply that the maximum possible value for � ismin���i��i ; �� � si�si � , (7.19)for every i su
h that ��i > 0 and �si < 0.As a safeguard pro
edure we sele
t�max = min�1; 0:95min���i��i ; �� � si�si �� , (7.20)to avoid dangerous proximity of the s variables from ��e .A ba
ktra
king strategy is then implemented in the interval (0; �max℄ to 
ompute an�k that gives a redu
tion in the merit fun
tion.7.2.3 Initial valuesSome heuristi
 
ould be de�ned in order to provide initial approximations to the sla
k anddual variables. The algorithm uses the initial guess for the primal variables proposed bythe user. If the user does not provide an initial guess the pro
edure des
ribed in [37℄ whi
h
onsists in solving a �nite nonlinear problem with the in�nite set T repla
ed by a grid of�ve equally spa
ed points is implemented.As x0 may lie very 
lose to the boundary of the feasible region and s0 would be very
lose to ��e, we require a � > 0 so that the initial s is at least as large as �. So, for thesu

ess of the algorithm we sets0i = max�ZT gi;�(x0; t)dt; �� ; i = 1; : : : ; m (7.21)and the dual variables are set to � = [JTJ ℄�1JTrf . (7.22)Whenever we update the � parameter, multiplying it by a redu
tion fa
tor �� , we mustre
ompute the sla
k variables and keep si + � > 0. The equation (7.21) is then used with� repla
ed with �k� �, where k is the iteration 
ounter.



7.2. IMPLEMENTATION DETAILS 477.2.4 Computing the barrier parameter �Using (7.7b), a value of � 
ould be obtained using �(si+ �)�i, for any i. Alternatively, we
an 
hoose � as � = Æ���T (s+ �e)m , (7.23)where 0 � Æ� < 1 is used to give a point whi
h is 
loser to optimality than the 
urrentapproximation.7.2.5 The BFGS formulaIn [2℄ the authors introdu
es and analyzes a BFGS quasi-Newton interior point algorithm.In [1℄ the strong 
onvexity assumption of one of the obje
tive and 
onstraint fun
tions isrelaxed to assume strong 
onvexity of the Lagrangian.To avoid the 
omputational burden required by the Hessian H(x; �), in (7.9), a quasi-Newton strategy (with the BFGS updating formula) was implemented in the algorithm.To over
ome a possible failure of the 
urvature 
ondition, a damped strategy was im-plemented as proposed in [25℄. If the damped strategy still does not satisfy the 
urvature
ondition, a skipping strategy is used.7.2.6 Ordering and high orderingIn spite of system (7.11) having a unique solution, assuming that H is positive de�nite,the several numeri
al ways of solving it 
an indeed result in di�erent dire
tions that 
ana�e
t the algorithm performan
e. We des
ribe in the following subse
tions the two mainapproa
hes for solving (7.11), primal ordering and dual ordering. A predi
tor-
orre
toroption is also implemented and may be sele
ted.Primal orderingAssuming that H�1 is positive de�nite and ��1S is diagonal with negative elements wehave that JTH�1J���1S is positive de�nite. The primal ordering is obtained from system(7.11) by solving the �rst equation in order to the primal variables. We solve the systemfor �x, �s and �� using:(JTH�1J � ��1S)�� = ��1
 � �� JTH�1� (7.24a)by a modi�ed Cholesky fa
torization,�x = H�1(� + J��) (7.24b)and �s = ���1(S��+ 
). (7.24
)



48 CHAPTER 7. INTERIOR POINT METHODDual orderingAssuming H to be positive de�nite and noting from equation (7.7b) that the Lagrangemultipliers are negative we have that H�JS�1�JT is positive de�nite. The dual orderingis obtain by solving the system (7.11) for the dual variables in the last equation. We solvethe system (7.11) for �x, �s and �� using:(H � JS�1�JT )�x = �rf + JS�1(��� �e) (7.25a)by a modi�ed Cholesky fa
torization,�s = ��� JT�x (7.25b)and �� = �S�1(��s+ 
). (7.25
)Predi
tor 
orre
torMehrotra [24℄ proposed a predi
tor-
orre
tor method for interior point applied to linearprogramming. The algorithm 
onsists of 
omputing two dire
tions, the predi
tor and
orre
tor, in the same iteration, both based on only one fa
torization. In [5℄ the authorsdes
ribe an extension to the Mehrotra predi
tor-
orre
tor method to multiple 
orre
tions inthe 
ontext of linear and 
onvex quadrati
 programs and the relation between the 
ompositeNewton method and the multiple predi
tor-
orre
tor methods is established. In [18, 12℄ theauthors study the use of multiple 
orre
tion steps for the linear 
ase. In [31℄ the authorsdes
ribe the primal ordering, dual ordering and the predi
tor-
orre
tor to the nonlinear
ase. The predi
tor-
orre
tor proposed for NLP may not produ
e a des
ent dire
tion forthe l2 merit fun
tion and so the algorithm proposed swit
hs to the standard dire
tion ifthe penalty parameter in
reases too mu
h or the step length is too short.The predi
tor-
orre
tor implemented herein �rst solves the unperturbed Newton system0�H(x; �) 0 �J(x)0 �� �S�JT (x) �I 0 1A0��xp�sp��p1A = 0� �S�e� 1A (7.26)for the predi
tor dire
tion �xp, �sp and ��p, using the dual ordering.The predi
tor-
orre
tor step, for the i 
orre
tion (i = 1; : : : ; mp
) is then obtained fromthe perturbed Newton system0�H(x; �) 0 �J(x)0 �� �S�JT (x) �I 0 1A0��xip
�sip
��ip
1A = 0� �S�e+ �e+�Si�1��i�1e� 1A (7.27)where �Si�1, ��i�1 are diagonal matri
es with elements �si�1p
 and ��i�1p
 respe
tivelyand �S0, ��0 are diagonal matri
es with elements �sp, ��p respe
tively.The algorithm is des
ribed in the following way.



7.2. IMPLEMENTATION DETAILS 49Algorithm 19 Predi
tor-Corre
torStep(a) Solve system (7.26) to obtain the predi
tor dire
tion �xp, �sp and ��p using thefollowing formulae �H � JS�1�JT ��xp = �rf + JS�1�� (7.28a)�sp = � �� + JT�xp� (7.28b)��p = �S�1 (��sp + S�e) (7.28
)Step(b) For i = 1; : : : ; mp
 doStep(b.1) Compute � = (�+�max��i�1p
 )T (s+�e+�max�si�1p
 )m , with �x0p
 = �xp, �s0p
 =�sp, ��0p
 = ��p and �max is the maximum step size allowed given by(7.20).Step(b.2) Solve system (7.27) to obtain the predi
tor-
orre
tor dire
tion �xip
,�sip
 and ��ip
 using the following formulae�H � JS�1�JT ��xip
 =�rf + JS�1 ���� �e��Si�1p
 ��i�1p
 e� (7.29a)�sip
 = � ��+ JT�xip
� (7.29b)��ip
 = �S�1 ���sip
 + S�e+ �e+�Si�1p
 ��i�1p
 e� (7.29
)Step(
) 
ontinue with �x = �xmp
p
 , �s = �smp
p
 and �� = ��mp
p
 .Proposition 7.2.1 If x is a feasible solution to problem (7.1) then the predi
tor-
orre
tordire
tion obtained by solving (7.27) may not be a des
ent dire
tion to the l2 merit fun
tion(7.15).Proof. [46, Proposition 4.1℄7.2.7 Computing the integralsThe integrals are 
omputed in the same way as for the Penalty and SQP methods. SeeSe
tion 5.5 for a des
ription and Se
tion 5.6 for the options.



50 CHAPTER 7. INTERIOR POINT METHOD7.2.8 Stopping ruleWe measure proximity to the solution by means of the primal and dual infeasibility. Thealgorithm will stop with a primal-dual solution ifk�k2 � Æf (7.30)and k�k2 � Æf . (7.31)7.2.9 A wat
hdog te
hniqueTo over
ome a possibly Maratos e�e
t a se
ond order 
orre
tion or a wat
hdog te
hnique
ould be used. In this parti
ular 
ase of 
onstraints trans
ription the Ja
obian 
an be anull matrix, and a se
ond-order 
orre
tion is unappropriate. A wat
hdog te
hnique wasimplemented.The wat
hdog te
hnique 
onsists of allowing an in
rease on the merit fun
tion for agiven number of iterations, before for
ing a de
rease.The wat
hdog te
hnique 
an be des
ribe by the following algorithm.Algorithm 20 (wat
hdog te
hnique)Step (a) If k = 0 then let wat
h=0.Step (b) Compute �kmax by formula (7.20).Step (
) If wat
h<wat
hmaxthen Let xk+1 = xk + �kmax�xk, sk+1 = sk + �kmax�sk and �k+1 = �k + �kmax��k.If �(xk+1; sk+1;�k; �k)� �(xk; sk;�k; �k) < 0then Save xk+1, sk+1, �k+1, �xk, �sk, ��k, �kmax, �k, Bk and �(xk+1; sk+1;�k; �k).Set wat
h=0 and go to Step (f).else If wat
h=0then Save xk, sk, �k, �xk, �sk, ��k, �kmax, �k, Bk and �(xk; sk;�k; �k).Let wat
h=wat
h+1. Go to Step (f)else Restore xk, sk, �k, �xk, �sk, ��k, �kmax, �k, �(xk; sk;�k; �k) and Bk. Let�k = �kmax2 and go to Step (d)Step (d) Compute �k+1 using Algorithm 18.Step (e) Compute �k su
h that �(xk+1; sk+1;�k; �k+1)��(xk; sk;�k; �k+1) < 0, with xk+1 =xk + �k�xk, sk+1 = sk + �k�sk and �k+1 = �k + �k��k. Save xk+1, sk+1, �k+1,�xk, �sk, ��k, �kmax, �k+1, Bk and �(xk+1; sk+1;�k; �k+1).Step (f) Continue.



7.3. THE FULL ALGORITHM 517.2.10 Jamming and stabilityThe S�1 matrix 
an produ
e some numeri
al instability in the solution of the linear system7.25 (see [48℄) when driven to zero too fast. A strategy des
ribed in [4℄ was implemented,i.e., ski = max�ski ; 10�8 � �	 . (7.32)This strategy has proven to give better results than the harmoni
 average suggested in [4℄.7.3 The full algorithmWe present in this se
tion the full primal-dual interior point algorithm.Algorithm 21 The full implemented algorithm.Step (a) Given x0, �, � , �, Æ� and Æf .Step (b) Compute s0i , i = 1; : : : ; m using (7.21). Compute �0i , i = 1; : : : ; m using (7.22).Let k = 0.Step (
) Let yeps = xk be the last y 
omputed for a given �.Step (d) Compute or update �k using (7.23).Step (e) Che
k the stopping 
riteria des
ribed in Subse
tion 7.2.8. If the stopping 
riteriais satis�ed then if there is a su�
ient di�eren
e between yeps and xk then de
rease�, � , update the sla
k variables and 
ontinue, otherwise stop.Step (f) Update Bk by a BFGS formula. If k = 0 then Bk =Identity matrix.Step (g) Solve the KKT system to obtain the sear
h dire
tion (�xk;�sk;��k), using (7.25).Step (h) Compute �k as des
ribed in Algorithm 18Step (i) Compute �kmax as des
ribed in (7.20).Step (j) Use a ba
ktra
king strategy to �nd �k that redu
es the merit fun
tion (7.15) or(7.16).Step (k) Compute xk+1, sk+1 and �k+1 as in (7.14).Step (l) Go to Step (d).



52 CHAPTER 7. INTERIOR POINT METHOD7.4 Interior Point method optionsIn the 
omputation of the integrals the options of Se
tion 5.6 are still valid for tuning theintegral 
omputation. The options to the Interior Point method are presented in Table 7.1.The 
olumns in Table 7.1 have the same meaning as in Table 4.1 and �String� in the
olumn �Type� means that the option should be a sequen
e of 
hara
ters starting with aletter.7.5 The Interior Point method outputThe Interior Point method will append the line& iter & nlag & nmer & fx & jj�jj2 & jj�jj2 & � & � \\to the output �le. �iter� is the number of iterations; �nlag� is the number of the Lagrangianfun
tion evaluations; �nmer� is the number of merit fun
tion evaluations; �fx� is the ob-je
tive fun
tion value in the solution found; �jj�jj2� and �jj�jj2� are the primal and dualinfeasibility and ���/��� is the last �/� used.The same 
omment of Se
tion 4.4 about building a LATEX tabular environment applies.
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riptionint_merit String m1 m1 for the l2 merit fun
tion (7.15). m2 forthe augmented Lagrangian merit fun
tion(7.16).damped Integer 1 0 if no damped BFGS updating formulais used. For any other integer value thedamped formula is used. See Subse
tion7.2.5 and [25℄.int_maxit Integer 1000 Maximum number of iterations allowed.int_pre
 Double 10�3 Primal and dual infeasibility measures inthe stopping 
riteria Æf .int_eps Double 10�4 Initial smoothing parameter for di�eren-tiability �0. �0 = �0.int_epsfa
tor Double 0:1 Redu
tion fa
tor for the smoothing pa-rameter. �� .int_epslimit Double 10�8 Minimum bound allowed for the smooth-ing parameter.reset Integer 0 0 if no reset of the approximation of theHessian if requested. Any integer valuewill make Bk =identity matrix if k is amultiple of n.s
ale Integer 0 0 if no s
aling is needed. Any value oth-erwise. If the norm of the dire
tion is notin range [10�2; 102℄ the dire
tion will bes
aled to �t the values.theta Double 1:0 Value used to avoid proximity of the svariable to the bound, � in (7.21).delta Double 0:1 S
aling fa
tor in 
omputing the barrier pa-rameter, Æ� in (7.23).wat
hmax Integer 3 Maximum number of 
onse
utive in-
reases in the merit fun
tion.wat
hdog Integer 0 0 for no wat
hdog strategy and any othervalue otherwise.bfgsskip Double 10�8 The BFGS update will be skipped if 
ur-vature 
ondition is less than the givenvalue, Æ
.int_ord String d p for Primal ordering, d for Dual orderingand p
 for Predi
tor-Corre
tor.int_
orr Integer 1 number of 
orre
tions done in thepredi
tor-
orre
tor dire
tion, mp
.Table 7.1: Options for the quasi-Newton interior point method
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Chapter 8SIPAMPLThe SIPAMPL was made in the end of 1999. With SIPAMPL we aimed to 
reate adatabase with SIP problems, to use the automati
 di�erentiation pro
edures in AMPLand to provide an interfa
e to 
onne
t any SIP solver. The database provides severalalready 
oded SIP problems and the natural modeling language of AMPL allows an easyextension of the database. We use Se
tion 8.1 for a brief des
ription of the database anddes
ribe how a SIP problem 
an be 
oded in the AMPL modeling language. To make thedatabase useful we have made an interfa
e to 
onne
t the database to any solver. Se
tion8.2 des
ribes the SIPAMPL interfa
e. The te
hni
al report [36℄ is used as the SIPAMPLmanual and 
an be obtained together with the SIPAMPL software, from the web pageindi
ated in the referen
e [36℄.
8.1 SIPAMPL databaseSin
e 1999 we have been 
oding all the problems that were found in the literature relatedto SIP. As a good pra
ti
e we have 
oded, as a 
omment, in the beginning of ea
h �le(problem model) the referen
e from where we have obtained the problem. We have used,in most 
ases, the name of the �rst author to identify the problem. The existen
e of thisdatabase will also allow the forth
oming authors to mention only the problem name underthe SIPAMPL database, avoiding the need of writing its mathemati
al formulation whi
hsometimes leads to mistakes.To 
odify a SIP problem in the AMPL modeling language is an easy task and noderivatives are requested. AMPL automati
 di�erentiation is used to provide �rst andse
ond derivatives.The database has now more than 130 
oded problems and we expe
t to extend thedatabase whenever possible. We wel
ome referen
es to SIP problems or SIP problemsalready 
oded. 55



56 CHAPTER 8. SIPAMPLAs an example of a 
oded problem 
onsider the following SIP problemminx2R2 x21 + x22s:t: x1t + x2t2 � 0�10 �x1 + x2 � 108t 2 [0; 1℄The 
orresponding (SIP) AMPL 
ode is presented below################################################################ Obje
tive: Quadrati
# Constraints: Linear################################################################ Sample problem in the user manual# aivaz�
i.uminho.pt 27/12/99###############################################################var x {1..2};# infinite variable name must start with tvar t;#obje
tive fun
tionminimize fx:x[1℄^2+x[2℄^2;# infinite 
onstraint, so name must start with tsubje
t to t
ons:x[1℄*t+x[2℄*t^2 <= 0;# finite 
onstraint therefore name must not start with tsubje
t to 
onstraint:-10 <= x[1℄+x[2℄ <= 10;# bounds on t varsubje
t to bounds:0 <= t <= 1;################################ End of Problem 
odifi
ation ################################# do not forget to write .
ol and .row filesoption mysolver_auxfiles r
;



8.2. SIPAMPL INTERFACE 57# this problem has no initial guess (starting point)option reset_initial_guesses 1;# 
hange solveroption solver mysolver;# solve problemsolve;################### Solution found ###################printf "Solution found\n";display x;display fx;mysolver is the SIP solver and may be repla
ed to meet ones requirement (see Se
tion9.4 for more details on how to 
hange it).The 
odi�
ation requests for 
oding SIP problems in AMPL are:� In�nite variables are 
oded with names starting with t and 
onversely any variablenames starting with t are 
onsidered in�nite;� In�nite 
onstraints are 
oded with names starting with t and 
onversely any 
on-straint names starting with t are 
onsidered in�nite;� With the option aux�les the .row and .
ol AMPL �les must be provided.The roboti
s problems 
odi�ed use the bspline.dll dynami
 library. The dynami
library must be loaded before using these problems (see [36℄ on how to load it).8.2 SIPAMPL interfa
eThe SIPAMPL interfa
e extends the AMPL interfa
e, allowing the user to evaluate the�nite/in�nite 
onstraints and a

ess to other data related with the SIP problems (numberof �nite variables, number of in�nite variables, et
). The SIPAMPL interfa
e 
alls theAMPL interfa
e routines and with the extra information provided by the .row and .
ol�les it �lls the data in Table 8.1 with the appropriate values. In table the 
olumns refer to:�Variable�, the variable name and type; �Des
ription�, a brief des
ription for the variableand �SIP�, the notation used in the SIP de�nition (2.1).A brief des
ription of the SIPAMPL fun
tions whi
h support the SIP evaluation fun
-tions follows. Please note that gradients, Hessians and Ja
obians are always in denseformat, de�ned in a FORTRAN way (AMPL dense format).� sip_extra
tx - Extra
ts the �nite 
omponent from the initial 
omplete variablearray.



58 CHAPTER 8. SIPAMPLVariable Des
ription SIPint nxsip number of �nite variables nint ntsip number of in�nite variables pint nxsip
 number of �nite 
onstraints qint ntsip
 number of in�nite 
onstraints mreal *XBU Array of upper bounds on �nite variablesreal *XBL Array of lower bounds on �nite variablesreal *TBU Array of upper bounds on in�nite variables �jreal *TBL Array of lower bounds on in�nite variables �jreal *XCBU Array of upper bounds on �nite 
onstraintsreal *XCBL Array of lower bounds on �nite 
onstraintsreal *TCBU Array of upper bounds on in�nite 
onstraintsreal *TCBL Array of lower bounds on in�nite 
onstraintsTable 8.1: Data provided by the SIPAMPL interfa
e� sip_extra
tt - As in sip_extra
tx but for the in�nite 
omponent.� sip_joinxt - Joins the �nite and in�nite 
omponents ba
k into the 
omplete variablearray.� sip_init - Initializes the variables for the problem, allo
ates the arrays for thebounds and 
opies the bound values to the arrays. This fun
tion looks for variableand 
onstraint names in order to keep tra
k of the �nite and in�nite positions inthe 
omplete variable array (keeping tra
k of the x and t 
onstraints position is alsoneeded in order to be able to 
ompute the original 
onstraint position from an x ort 
onstraint position).� sip_free - Frees the memory allo
ated during the 
all to sip_init. Only the mem-ory is freed, the variables in the sip data stru
ture are not re-initialized.� sip_objval - Evaluates the obje
tive fun
tion.� sip_objgrd - Evaluates the obje
tive fun
tion gradient ve
tor.� sip_objhes - Evaluates the obje
tive fun
tion Hessian matrix.� sip_
onval - Evaluates the 
onstraints.� sip_ja
val - Evaluates the 
onstraint Ja
obian.� sip_
onxval - Evaluates a �nite 
onstraint.� sip_
ontval - Evaluates an in�nite 
onstraint.� sip_
onxgrd - Evaluates a �nite 
onstraint gradient.
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ontgrd - Evaluates an in�nite 
onstraint gradient.� sip_
onxhes - Evaluates a �nite 
onstraint Hessian matrix.� sip_
onthes - Evaluates an in�nite 
onstraint Hessian matrix.The AMPL interfa
e routines may also be 
alled.
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Chapter 9The sele
t toolIn linear/nonlinear semi-in�nite programming, as in �nite programming, the algorithmsdeveloped are sometimes limited or appropriate to spe
i�
 problem stru
ture. For example,to solve a quadrati
 problems one should use (to get the best performan
e) an algorithmsuited for quadrati
 programming. As SIPAMPL is a generi
 database, we may want tosele
t some problems with spe
i�
 
hara
teristi
s from all the database problems. Thesele
t tool allows this sele
tion based on the 
hara
teristi
s printed in Table 9.1. In table:�Option� is the name of the option whi
h 
an be 
hanged; �type� is the type of data thesele
t tool is waiting for. In list the sele
t tool will present the allowed values in a listand waits for a sele
tion. In range the sele
t tool will ask for two values, one for the lowerbound and the other for the upper bound; �allowed values� are the allowed values for thesele
ted option; �default� are the default values for the option and �SIP� is the terminologyin the problem de�nition (2.1). The next se
tion presents the installation instru
tions.Se
tion 9.2 is devoted to the implementation details. Se
tion 9.3 gives a session exampleof the sele
t tool.9.1 Installing the sele
t toolAt this moment the sele
t tool is available for a Linux and a Windows Operating Systemand makes some operating systems 
alls (to read database dire
tory, invoke AMPL binary,et
) and so portability is 
ompromised (but porting to other operating system should beeasy). For the Windows version we used the Mi
rosoft Visual C/C++ 
ompiler.The sele
t tool is provided in only two �les: sele
t.h and sele
t.
. makefile andmakefile.v
 are also provided and to produ
e the sele
t binary one just have to typemake or nmake -f makefile.v
 in the sele
t dire
tory.9.2 Implementation detailsThe sele
t tool trusts the information about the obje
tive and 
onstraints type 
oded inthe problem by the user. The 
ommented lines61
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Option type allowed values default SIPObje
tive type list Linear All typeQuadrati
PolynomialGeneri
All typeConstraints type list Linear All typeQuadrati
PolynomialGeneri
All typeNumber �nite variables range Nonnegative integers [0,+1℄ nNumber in�nite variables range Nonnegative integers [0,+1℄ pNumber �nite 
onstraints range Nonnegative integers [0,+1℄ qNumber in�nite 
onstraints range Nonnegative integers [0,+1℄ mLimits �nite variables list Both limits �nite EverythingLower limits �niteUpper limits �niteNone limits �niteEverythingLimits in�nite variables list Both limits �nite Everything [�;Lower limits �nite �℄Upper limits �niteNone limits �niteEverythingInitial guess list With initial guess With or withoutWithout initial guess initial guessWith or withoutinitial guessTable 9.1: Questionable problems 
hara
teristi
s
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interface

AMPL

SIPAMPL

interface

SIP database

AMPL

select

toolFigure 9.1: Inter
onne
tions between sele
t and SIPAMPL# Obje
tive: Quadrati
# Constraints: Linearin the example shown (Se
tion 8.1) are very important sin
e they provide the only infor-mation available for the sele
t tool about the obje
tive and 
onstraints type.Re
all that x1et � 0 is a linear 
onstraint in SIP, but AMPL will 
onsider it as nonlinearbe
ause of the et fa
tor.sele
t will extra
t the remaining information from the .mod �le in the database dire
-tory. To 
all the SIPAMPL interfa
e the sele
t tool needs the �les .nl, .
ol and .row.To produ
e them sele
t 
opies the .mod �le to a temporary �le and repla
es the solve;AMPL 
ommand withoption auxfiles r
;write gtmpfile;The great amount of time spent for pro
essing a �le in the database is due to thegreat amount of time spent in writing this temporary �le and the pro
essing time usedby the AMPL binary to obtain the .nl, .
ol and .row �les. This appearing drawba
k is
ompensated with the unneeded work of the user in the 
odi�
ation pro
ess and it is notsubje
t to mistakes (in 
ounting variables, et
).The inter
onne
tions for the sele
t tool 
an be seen in the diagram of Figure 9.1.



64 CHAPTER 9. THE SELECT TOOL9.3 A session exampleTo show how a user 
an sele
t a problem from the SIPAMPL database we present anintera
tive session with the sele
t tool.The user starts by setting the environment AMPLFUNC variable to load the bspline.dlldynami
 library (needed to the roboti
s problems in the SIPAMPL database) and then in-voking the sele
t tool with the ./sele
t 
ommand. The default database dire
tory andAMPL binary are a

epted as being 
orre
t. A quadrati
 obje
tive fun
tion with onlyone in�nite variable will be requested. No �nite simple bounds on the �nite variables arerequested. After the sele
t tool having found the problems in the database, that mat
hthe user options the �le sele
t.res is written whi
h 
ontains all the found problems.C:\AMPL\SOLVERS\sip\tools>set AMPLFUNC=..\nsips\bspline.dllC:\AMPL\SOLVERS\sip\tools>.\sele
t -xSele
t v2.0 tool for SIPAMPLExpert mode enabledDefault database dire
tory: ..\sipmodNew database dire
tory [CR=A

ept default℄:Using database dire
tory: ..\sipmodDefault deposit dire
tory: ..\sipnlNew deposit dire
tory [CR=A

ept default℄:Using deposit dire
tory: ..\sipnlFull path for AMPL binary: ..\ampl.exeNew full path for AMPL binary [CR=A

ept default℄:Using ..\ampl.exe when exe
uting AMPLSpe
ified Options:1) Obje
tive Type : All type2) Constraints Type : All type3) 0 <= Number of finite variables <= +Infinity4) 0 <= Number of infinite variables <= +Infinity5) 0 <= Number of finite 
onstraints <= +Infinity6) 0 <= Number of infinite 
onstraints <= +Infinity7) Finite variables: Everything8) Infinite variables: Everything9) Initial guess: : With or without initial guessEnter option number to 
hange option [CR=End℄:1
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essing option 1New obje
tive type1) Linear2) Quadrati
3) Polynomial4) Generi
5) All typeOption:2Spe
ified Options:1) Obje
tive Type : Quadrati
2) Constraints Type : All type3) 0 <= Number of finite variables <= +Infinity4) 0 <= Number of infinite variables <= +Infinity5) 0 <= Number of finite 
onstraints <= +Infinity6) 0 <= Number of infinite 
onstraints <= +Infinity7) Finite variables: Everything8) Infinite variables: Everything9) Initial guess: : With or without initial guessEnter option number to 
hange option [CR=End℄:4Pro
essing option 4New number of infinite variablesLower bound [CR=keep value℄:Upper bound [CR=keep value, INF=+Infinity℄:1Spe
ified Options:1) Obje
tive Type : Quadrati
2) Constraints Type : All type3) 0 <= Number of finite variables <= +Infinity4) 0 <= Number of infinite variables <= 15) 0 <= Number of finite 
onstraints <= +Infinity6) 0 <= Number of infinite 
onstraints <= +Infinity7) Finite variables: Everything8) Infinite variables: Everything9) Initial guess: : With or without initial guessEnter option number to 
hange option [CR=End℄:7Pro
essing option 7Finite variables simple bounds1) Both limits finite2) Lower limit finite3) Upper limit finite



66 CHAPTER 9. THE SELECT TOOL4) None limit finite5) EverythingOption:4Spe
ified Options:1) Obje
tive Type : Quadrati
2) Constraints Type : All type3) 0 <= Number of finite variables <= +Infinity4) 0 <= Number of infinite variables <= 15) 0 <= Number of finite 
onstraints <= +Infinity6) 0 <= Number of infinite 
onstraints <= +Infinity7) Finite variables: None limits finite8) Infinite variables: Everything9) Initial guess: : With or without initial guessEnter option number to 
hange option [CR=End℄:21 file(s) found with spe
ified optionsDo you want me to:1) Save results to file sele
t.res2) Save results to a bat
h file sele
t.bat3) Save results to a M-file sip_run.m4) Print results to stdout5) Just quitOption:121 file(s) found with spe
ified optionsDo you want me to:1) Save results to file sele
t.res2) Save results to a bat
h file sele
t.bat3) Save results to a M-file sip_run.m4) Print results to stdout5) Just quitOption:5C:\AMPL\SOLVERS\sip\tools>



9.4. CHANGING THE SOLVER NAME IN THE DATABASE PROBLEMS 679.4 Changing the solver name in the database problemsIn ea
h problem �le the nsips solver is sele
ted by issuing the AMPL 
ommand optionsolver nsips;. If a user wishes to write his own solver, then one of the two followinga
tions must be taken:� the user solver must be 
alled nsips or renamed so.� the user must edit all the �les to 
hange nsips for his own solver name.To abbreviate the se
ond a
tion we give some bash shell 
ommands to do this in anautomati
 formfor i in whatever files you want to 
hange solverdosed s/nsips/newsolver/ < $i > $i.newdoneThis 
ommands will read the �les whatever files you want to 
hange solver andwill write the new �les whatever.new files.new you.new want.new to.new 
hange.newsolver.new.Note that the sed 
ommand will repla
e every word nsips by newsolver. If the wordnewsolver exists in the �le you may experien
e some trouble in 
hanging again the solvername and so the name of any solver should be a reserved word.
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