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8 Abstract. Interior point methods (IPM) have been developed for all types of constrained optimization problems.

9 In this work the extension of IPM to second order cone programming (SOCP) is studied based on the work of
10  Andersen, Roos, and Terlaky. SOCP minimizes a linear objective function over the direct product of quadratic
11  cones, rotated quadratic cones, and an affine set. It is described in detail how to convert several application
12 problems to SOCP. Moreover, a proof is given of the existence of the step for the infeasible long-step path-
13  following method. Furthermore, variants are developed of both long-step path-following and of predictor-corrector
14  algorithms. Numerical results are presented and analyzed for those variants using test cases obtained from a number
15  of application problems.

16 Keywords: Au: Pls.
provide
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17 1. Introduction and definitions

18 Over the past few years, primal-dual interior point methods (IPM) have been developed for
19 all kinds of nonlinear optimization problems. Second-order cone programming (SOCP) is
20 one of these. SOCP addresses the problem of minimizing a linear objective function over the
21 intersection of an affine set and the direct product of quadratic cones. Numerous applications
22 have been discussed in [5, 15]. Recently, many reseachers have shown that the primal-dual
23 IPM has high theoretical efficiency for SOCP. In particular, Tsuchiya [13] and Monteiro
24 and Tsuchiya [9] have proved the complexity of variants of IPMs based on different scaling
25 directions. Specifically, Tsuchiya [13] shows that the long-step path-following algorithm
26 using the Nesterov and Todd (NT) direction has O(k log ") iteration complexity which is
27 also the best result for the scaling methods they considered.

28 In this section we introduce the second order problem (SOCP) and quote some basic
29 definitions for the primal-dual interior point approach. The next section contains as on
30 of the main results a proof of the existence of the step length for the long-step method.
31 A number of applications and in each case their reformulation as SOCP is presented in
32 Section 3. Subsequently, the various algorithms we have implemented are given in detail
33 and compared on a test set derived from the application problems. We conclude with a
34 summary in the last section.
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Second-order cone programming addresses the problem of minimizing a linear objective
function over the intersection of an affine set and the direct product of quadratic cones.

(SOCP) min cTx
st. Ax=b (1.1)
x €K,

where K is a closed convex cone. In addition to (1.1), we suppose A is am x n real matrix
and of full rank. Subsequently, the dual problem is

(DSOCP) max b7y
st. ATy+s=c (1.2)
seK*={s|xTs>0,x € K}.

The definition of the quadratic cone K is the following:

Definition 1.1. The second order cone K is defined as, K = K' x K% x --- x KX, i.e.,
the direct product of k cones, where K i is one of the three cones below,

. R" ={x" e R|x > 0}.
2. quadratic cone K = {x' € R" | ||x},, > < (x])*, x| = 0}.

3. rotated quadratic cone K" = {x' € R" | [|x}, [|* < 2x{x}, x{, x5 > 0}.

Note that K = K™*. Moreover, there is a linear transformation 7" between K¢ and K"
such that

x'e K & Tix! e K9,

where
e L 0 0
V22
1 1
B 0
T'=10 0 1 0] e R"*", (1.3)

=)
=)
(=)
—

Here, T is a n; x n; identity matrix if x' € K. The existence of the linear transformation
T' not only extends the problem to rotated quadratic cones but also helps to apply the
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50 convergence theorem for K7 to K. Next, we partition x according to the cones, i.e.,

51 Weintroduce two nonnegative scalar variables 7, ¥ and define the general Goldman-Tucker
52 homogeneous model as follows:

—ch—l—bTy—K =0,

Ax — bt =0,

ATy +5—ct =0,
(x,t)e K, (s,k)e K*,

(1.4)

53 where K = K x R, and K* = K* x Ry In order to solve (1.4) with the complementarity
54 conditions, the following definitions are necessary,

55 Definition 1.2. Given

T
u ul.

ueR" then U =mat(u)= ( ! 2'”) ,
Uyp url

56 where

Urp =
uﬂ
57 and [ isthe (n — 1) x (n — 1) identity matrix.
58 Next, we define X' for each type of cone:
59 Definition 1.3.
60 1. x' e R:X =x',and §' =s',
61 2. x' € K9: X' = mat(x"), and §" = mat(s"),

62 3. x' e K': X' =mat(Tx"), and S’ = mat(Ts'), where T is in (1.3).

63 Subsequently, the complementarity conditions can be written as a nonlinear system.
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Lemma 1.4. Let x,s € K, then x and s are complementary, i.e., x's = 0, if and only if
X'S'e =8'X'e =0, i=1:k,
where X' and S' are given in Definition 1.3. ¢ € R" is the first unit vector
See [1] for proof. An initial point xO, 7O, y(o), sO kO ig given by
(0, 70, (5@, ) € int(K).
Thus, the central path can be defined as:

Definition 1.5. The points (x, T, y, s, k) of the central path C are defined by the following
nonlinear equations,

Ax — bt = o (AxY — b7 ?),
ATy +s—ct =0(ATy O 4+ 5@ — 1),

—c"x+b'y—k=0(=c"xQ+b"yO — ), (1.5)
XSe = a,u(o)e,
e = ou?,
where the centering parameter o € [0, 1], the duality measure is
4 xTs + Tk
k417
!
X =diag{X", ..., X"}, S = diag{S",..., 5"}, and e=|: |, € eRrR"
o

is the first unit vector.

There are different ways to define the neighborhood. We choose the one similar to
N_co(¥),

N(y) = {(x, 1), (s, k) € int(K)|y/(x))T Q'xi(s)T Q's’ = ypu, Vi, and T > ypu).

In the original infeasible interior point method, the residuals only appear in equations after
applying Newton’s method. It is easy to verify that the ratio between the new and old residual
is (1 — ), where « is the step length. It is faster than the rate at which the complementarity
gap decreases. This central path gives the same rate for infeasibility and the complementary
gap. In experiments, we see the latter version needs less iterations than the previous one.
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The well-definedness of (1.5) is not guaranteed. One way to assure that the search direction
is well-defined is applying scaling schemes before using Newton’s method, then scaling
back to the original space. Next, we give the definition of scaling matrices [1].

Definition 1.6. W' € R"*" is a scaling matrix if it satisfies

1. W' is a symmetric positive definite matrix, and
2. WiQIW! = Q'

The scaled point (¥, §) is defined by the transformation
F=0OWx and 5= (OW) s,
where

Wl 0 Qllnl 0

0o ... Wk 0 s Oy,

6; € R, and I, is the identity matrix € R">" for all i. It is easy to see that ¥’ = §; W'x,
and 5 = (9; W)~ 's’. Therefore, the linear system for the scaled search direction is defined
by

AAx — bAT = (0 — 1)(Ax — b1),
ATAy + As —cAt = (0 — 1)(ATy + s —c1),
—cTAx +bTAy — Ak = (0 — D)(=cTx +bTy — k), (1.6)
ST(OW)Ax + XT(OW) 'As = —XSe + o e,
KAT +TAKk = —TK + o L.

The NT direction was proposed by Nesterov and Todd [10]. The paper [10] also shows
that the primal-dual IPM maintains its efficiency when the nonnegative constraints in LP are
replaced by the homogeneous self-dual cone. More recently, Tsuchiya [13] showed that the
long-step algorithm for SOCP using NT direction has O(k log e™!), iteration-complexity,
where k is the number of cones, which is the best result among several scaling schemes.

The NT direction defines ®, and W, such that

X =S5.
Hence, s = (®W)?x. The definitions of ® and W are given in the following lemma. See
[13] for the uniqueness.

To simplify notations through out this paper, we define the following symbols.

Definition 1.7. Define ¢ = (x,1,y,5,k), x = (x,7)and ¢ = (s, k).
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2. Existence of step length for long-step method

In this section, we prove the existence of the step length o using the method described in
[18]. See also [11] for an analysis of the semidefinite case. Here is the algorithm which we
analyze in this section.

Algorithm 2.1. Given y, o, (x©, @), (s©, k©) € int(K),
forN =1,2,--.

Set ¢ = N,

Solve (1.6) for A¢

Find the largest a € [0, 11, such that N~V + aAp € N(y),
Update oM,

end.

Denote the maximal and minimal eigenvalues of X’ by Amax(x’) and A (x"), respec-
tively. From [9], we have that

Amax(x') = xi + ”xé;ni ., and )‘min(xi) = xi - Hxézn, H

Since X is the diagonal matrix consisting of X', ..., X%, it follows that Amax(x) and
Amin(X) are obtained from

Amax(¥) = max {x] + |x3,, |.i =1:k}, and

Amin(X) = min {xi — Hxézn,' ,i=1 k}

We now start to find upper bounds for vectors. We consider Algorithm 2.1, but we use
(1.6) with the NT direction instead of (1.5).
First, we introduce a useful quantity vy defined by

N—-1
vy = [ [ =e;(d =0y, (2.1)
j=0

J

where o is the step length and o; is the centering parameter in the j-th iteration. According

to Lemma 3.13 in [4] and the definitions of ry, 7, r3 in Algorithm 2.1, we have
ri(N) = eri(O), i=1,2,3
MN = VN HO-

We choose the initial point by the following:
ifx', st e K1, x' =6 =4,
ifx',s'e K", x'=—[1,1,0,...,0]" =5, (2.2)

ifxi,sieR+, xX=8=s", and t=8=r,
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*

where [[(x*, ¥, 5%, k") || < 8. The following lemma gives the bound on

VH (x(N)’ ‘L'(N), S(N)’ k(N))H

00"

Lemma 2.2. Let the initial point be given by (2.2). For all N > 0, there exists C; > 0,
such that

o] (6™, 7™, s K| < €y

Proof: For simplicity, we ignore the iteration index (V) on the vectors. Let (x*, ¥, y*, s*,
k*) be any primal-dual solution and define

¢ =vy¢® + (1 —vy)p* —¢.

It is easy to verify that ¢ satisfies the following three equations:

AX — bt =0,
AT9+5—ct =0, (2.3)
T3 +bTy -k =0.
Hence,
75+t =3T(ct — ATH) + (=T +b"9)
=0. (2.4)
From (2.4), we have

0=xT§+%k
T r ;
= VIZVX(O) §(0)+XTS,+UN(1 _UN)(X(()) g*+g(0) X*)
—ov (X s+ x) — A —vn T+ T M- x e (25)

Since K is self-dual and (x*, ¥, y*, s*, k*) is a solution, we have that
x"¢*+¢"x* >0, and x7s*=0.
After inserting the above equations into (2.5), we obtain the following inequality,

T T T T T
o (x P s+ %) =i (xY ¢+ xT s+ v =) (XY gF 4+ @ x¥).
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Next, we define the constant & by

& = min{ min {

xieK4

x;’ (©0)

i(0)

7S]

l

i(0)

min {x75’, )5

xieK"

min {x'©, 5O} 1O O}

x'eRy

()

May 26, 2004 21:44
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i(O)}7

where x|\ are the first two entries of x'@. By (2.2), we have that £ = §. One can also
derive the following inequality based on the definition of the initial point,

ENXs oo < Ellxlloo +ElIslloc +ET + 6k
< O 7
=sV x+x"s

Therefore,

A

Evnll(X> Slloe =

IA

< wylk + Dpo + (k + Doy + vn | (x @, sO) | G 910

i x @ s+ xTe v =) (x @ cF + ¢ x¥)
v (k 4+ Do + (k + Dy

+ (L= (O] s+ 5O Il + 7@ + 72 ®)

= 2(k + Dy + 81", M limn/ o-

Since g = 82,

Cy=Qk+D+IG" 55" k)N1/8)/6.

Furthermore, because ||(x*, T, s*, k*)||1 < 2(n + 1)8, it follows that

C=2k+n+

2)/8.

|

Since we specifically discuss the system (1.6) with the NT search direction, we define
the following notation for the scaled vectors at the N-th iteration:

D
D, = (OW)™!, Dy = (271271 and D=( ! b )
2

The next lemma gives bounds on the scaled vectors AX = (D;)~'Ax and A5 = D;As.

Lemma2.3. Applying the NT scaling scheme to (1.6), i.e., using x = §, there is a positive

constant C,, such that

o ()

<Cu

172
N

)

D As
o)

< Czull\,/z, forall N > 0.
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143 Proof: Let us define
¢ =00+ vyp? +vyg*.

144 It is easy to verify that $ satisfies (2.3) and (2.4). In order to obtain the fourth equation in
145 (1.6), we use the following expression

STOWE + XT(©OW)™ '3
= STOWAx + XT(OW) 'As + vySTOW (x¥ — x*)
+unXTOW) ' (5@ —5%)
= —XSe+oyuye +vnSTOW (x© —x*) + iy XT@OW) ' (s© — 5%).

146 Since we consider the NT direction, i.e., S = X, we multiply by 7S~ from the left and
147 obtain

D't + Di§ = —TS '(XSe — oypne) + vy D' (x© — x*) + vy Dy (s© — 5%).
148 Similarly,

D3'% 4+ Dok = —(k1) Ptk —oypn) + vy Dy (7 — ) + vy Do (k¥ — ¥).
149 We now consider the 2-norm of the vector,
X D13 2 Dis 2
X § x K
(o) = ome)] ()]
DZ T DzK

150 On the other hand,
Dflfc—i—Dl@ 7§51 XSe —onpune
s = —1/2.—1/2
D, T + Dk K T TK — ONMUN
D! (x©@ —x*) D (s© — s5%)
D' (@ — %) Dy(k©@ — k) ||
151 Combining the above two observations, we obtain an upper bound,
D' Ax D' (% — vy(x@ — x¥))
DZ_IA‘( N Dz_l(f — oy (@ — r*))
<

75! XSe —onpye
- k1212 TK — ONUN

D! (x©@ —x¥) Dy (s© —s5%)
(DZI(I(O) - r*)) <D2(K(O) - K*)) H

+

(™
=>

2 ‘

+ vy + vy

+2UN + 21)1\/
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We now need to show that each term in the right hand side of the above inequality is O( ul/ 2) 152

First, we consider ||(§/)~!||. From the property of S and the definition of N(y), we derive 153

1SH™ = ||<Xf>—‘/2<s'i)-”2>||

- \/xl |x2n, || \/Sl - ||S2n

\/91.2)51'" Qixi \/Gi_zsiTQisi

Hence, 154

17871 = max [(§H7"]| <
i=lk Y N

(Kr)’l/2

IA

Thus, 155

)_(S_e — ONMUNE 2 - = o
( = | XSel* = 2onunx"5 + loypunel® + x|
TK —ONMUN

—20NuNTK + (Onpy)?
< IXSell] —20npunx" s + (k+ D(oyun)* + (t&)*
< (k + Dyl

For the remaining terms in the inequality, we have 156
D (x© — x*¥) (5@ —s*
D;l(r(o) —1%) k@ — ¥
> x©@ — x* sO — g )
< w0+ iomax 4 o ) o )] (2.6)

Since |D7'|| = max {||@W||, «'/>~1/2}, we find upper bounds for ||@W || and /2 ~1/2. 157
So, 158

VN + VN

IOW]| < max 1O W STIT (SH™
< max |7 '(SHNIni 10 WS
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max || 7'(S) ™| /ni|O"W'S'e' |

IS V) s,

since s = ®WS5. Thus,

D711 = 30T sl + e
S(Zﬁﬂ)HC) 1/m7 i

i = (X v +1)|(7)] /v

Now (2.6) is bounded by
x©@ — x*
@ — ¢ ]|

C, = <k+ 1440, (Y /i + Din + 1)max{
sO — g
(o))

If the initial point satisfies (2.2), then the next lemma follows immediately.

2&(2\/171; D + l)maXH
Y

5O — g%
k@ — e
x©@ — x*
A

1/2
}M/.

Hence,

Lemma 2.4. Under the same conditions as in the previous lemma and if the initial point
satisfies the (2.2), then

[ Ax 12 As
D Az < Cuy~, and |D A

K
Proof: From(2.2), we have that

x @ —
—8ey < c0 _ ] = dey,

12
§C3M1v/~
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where ¢; = [1, ..., 1]7. Then, we can derive the following two estimates, 167

(x© —x*
b A

<simTi(Tom)|(0)] /v

D(i(g):i*) < sm(2ﬁ+ 1)” C) l/m.
It is easy to check that 168
Cs = 4C,(n + 1)3/2(2\/17,- + 1)/@
O 169
The next lemma shows the existence of the step length . 170

Lemma 2.5. There exists @ € [0, 1] such that (x(«), c(@)) € N(y), forall « € [0, &], 171
where (x (@), c(a)) € N(y) is defined as (xN, ¢'™M) + a(Ax, Ag). 172

Proof: For simplicity, we consider the quadratic cone case only. By Lemma 2.4, we have 173

o ()l ()

From the last two equations of the system (1.6), we obtain 174

AxTAs + AtAk < < Cluy.

TAx 4+ xTAac = OWHTAx + (OW) ') As + 1Ak + kAT
=l (SOWAX + X(OW) 'As) + 1Ak + kAT
= eT(—)_(S’e +oyune) + Tk + kAt
=—x'5+ koyun — Tk +ony
= (on — Dk + Duy.

In order to consider N(y), we estimate u(«) by 175

_ b T
) = s 1{(x +aly) (¢ +alg)}
1

= 7o =@k + Dy +aoyuyk + 1)+’ Gy}
2c2
2
= —-a)uy +aoyuy + N -

k+1
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We now consider the conditions of N(y). We note that

t(@)k(@) — yu(a) = aoyun(l — y) — 26> Cojuy.
I

_ on(l —y)
=T

holds, then
T(@)k (@) = yu(a).

Therefore,

on(1 — J/)}

& =minJ 1,
2C;

267

2.7)

|

A similar result in [9] is based on feasible initial points, however, the condition (2.7) is

good for infeasible initial points.

3. Application problems

We collect the following problems as our test cases and also show that our SOCP algorithm
works in these cases. The first is a production and inventory management problem. Next,
we convert the single facility location problem to our format. Furthermore, we look at the
more complicated class of facility location problems which plan to insert more than one
new facility. In the fourth section, we discuss portfolio optimization, followed by FIR Filter
design. In the sixth section, we describe the equilibrium of a system of piecewise-linear
springs. The last two problems are robust least squares and finding feasible initial points.

3.1. Management problem

In this section, we will look at the following model [2]:
min io +dix; + “
l=1 1 17Vl Xl

n
S.t. Zb,’xi <b,
i=1

L<xi<u;, i=1:n,

x; :integer, i =1:n.

3.1)
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This model can be interpreted as a multi-item production and inventory management prob-
lem with a limited resource, where the x; are called decision variables [17, 20]. In general,
the objective function minimizes the cost, which could be the sum of setup (ordering) costs,
inventory holding costs, and purchase costs. The constraints provide the restrictions of a
shared resource as well as non-shared resources. Moreover, the model represents numerous
application problems based on the interpretations of the decision variables. There are at
least four different applications using the model (3.1).

Let us consider the continuous relaxation of (3.1). In order to solve it as a second-order
cone problem, we must ensure that (3.1) can be cast as SOCP. Let t = max jx]—] Then

tx; > 1, for all j. We introduce a s in this inequality and rewrite it as
tx; > 52, for all j
with s = 1.
By using the following fact [5]:
) 2w
" <xy, x>0, y>0& <x-+y, (3.2)
X =Yy
the previous inequality becomes
2 .
<t-+x;, forallj.
r — X
Therefore, we can rewrite the inequalities as
224 (t —xj)* < (t+x;)* forallj.
Next, define e, u,v, and w as follows,
1
1
e=]| | R, u=te+x, v=te—x, and w=2e.
1

It is then clear that x = “5* and te = % Plugging this into our model, we obtain

& u—v\' u+v
i i +di| —— il ——
min ;c—i- ( 2 )+e( > )i
& u—v
t. b; < b, 3.3
w 2n(*57) = @
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U—v
l,<§< )fu,-, i=1:n,
2 i

M~2v,~2+w,~2, i=1:n.

In this form, the objective function and constraints, except the last n inequalities, are linear.
Therefore, we can rewrite them as LP. Each of the last n constraints is a quadratic cone with
u;, v;, and w;. We use the random problems described in [2] to generate test cases.

Example 1. Given 50 <n <200, S; € [5,20], H; € [1,4], D; € [10,100], T; € [1, 15],
li,u; €[8,25],i =1,...,n. The total machine time available 7; is generated to ensure the
feasibility of problems, i.e.,

n
T, = E T;x; 4+ random positive number,
i=1

where [; < X; < u;, for all i. In Chapter 5, we use Example 1 with n = 50, 75, 100, 200 as
part of our testing set.

3.2.  Facility location problem (I)
This problem is given as follows:

m
min E w;t;
i=1

(3.4)

S.t.

d
Z(xj_aij)zfti, for i=1:m,
j=1

where d is the dimension, m is the number of existing facilities, (a;;, a;2) are the coordinates
of the existing facility (if d = 2), and wj; is the weight associated with the old-new facility.
The model describes that one plans to build a new facility among existing facilities and
chooses the location which minimizes the weights associated with the Euclidean distance
between the new and existing locations. For simplicity, we consider d = 2. It is trivial to
extend to higher dimensions. Let

ujj=xj—a, fori=1:m, and j=1:2.
We then introduce new linear constraints

uy +an =up +a;, up+ap=up+ap fori=2:m.
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Therefore, the problem becomes

m
min E w;t;
i=1
s.t. uy —ujp =a;; —an,i =2:m,
. (3.5)
Uy —upp =ajp —ap,i =2:m,

2
E u?jng,t,-zo,i=1:m.
j=1

We denote
ay —ap
1 w;
. . aml — adql
x'=1uq|, ¢=10]|, b=
ax —ap
Ui 0
am2 — a2
and
x! c!
X = , =
x™ c"

Hence, one obtains the SOCP formulation.

Example 2. The coordinates of the existing facilities and the weight associated with each
existing facility are both generated by a uniform random number generator. We use m =
50, 100, 150, 200 to create four problems.

3.3.  Facility location problem (II)

The second facility location problem we present has the following model:

2 n i 2
Z(xjk —a)® + Z Z Vjjj Z(xj,k —xjjx)%, (3.6)
=1 =

j=1jj=1
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where the definitions for m, a, and w are the same as in the previous case, n is the number
of new facilities, and v; ;; are the weights of the new-new connections. In a AMPL model,
emfl.mod in [16], v is defined as constant and w is decided by the initial guess. The way
of defining v and w does not seem realistic; however, they are still reasonable if one has
a good a initial guess. We now convert this problem to SOCP format. First, we introduce
s5ij=0,i=1:m,j=1:n,andt;;; >0,j=1:n,jj < j. Similarly, we need some
additional variables to replace x jy —a i, and x;  — x; x. By rewriting w and v appropriately,
we obtain the SOCP formulation.

Example 3. To consider a simplified problem, we take an AMPL model, emfl.mod, from
[16]. In this model, the coordinates of the existing facilities are generated randomly, the
weight associated with the new-new connections is fixed at .2, and the weight associated
with the old-new connection is fixed by the distance between the old facilities and the initial
guesses. We use the following four cases, (i) m = 10,n = 4, (i)) m = 20,n = 4, (iii)
m=230,n=9,and (iv)m =40,n = 9.

3.4.  Portfolio optimization

Consider a portfolio problem with 7 investments held over a period of time. Let x; denote
the amount of investment j throughout the period with a unit total budget, i.e.,

n
E Xj = 1,
=1

and let p; denote the price change of investment j over the period. Then, the overall expected
return is given by r = p”x. Furthermore, let o;;» denote the covariance between the returns
for investment j and j’. The variance of the return is

o= E ixjajj’xj”
B’

referred to the risk. Here we consider that the o are fixed and computed from historical
data. A similar application can also be found in [15].
One approach is to minimize the risk over the return with a lower bound 7y,

min E XjO'jj/.Xjf

JJ
s.t. Z PiXj = Tiin, (3.7)
J

ijzl, x; >0, j=1:n
J
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Another approach is to maximize the return over the risk with an upper bound oy,

max E PjXj
J

S.t.

E Xj0jpXj < 0
- JOjj'Aj" = Ymax, (3.8)

Ji
ijzl, x;>0, j=1:n
J

The above models are based on historical data.

Example 4. Two test cases from (3.7) and (3.8) are cast as in formula (1.1) with the real
data from optrisk.mod in [16]. Another case which combines (3.7) and (3.8),

min

S.t.

Y XXy = Y P
J

Ji
ijzl, x; >0, j=1:n,
J

is also considered.

3.5. FIR filter design

Let hg, ...

., h,—1 € R be the coefficients of a finite impulse response (FIR) filter of length

n. The filter output signal y is defined by the input signal u, by

y(k)

n—1
= Zhju(k - .
j=0

The function of the frequency response is H : [0, 27 ] — C defined by

n—1
H(w) = theﬂ'kw,
k=0

where i = +/—1 and w is the frequency parameter. There are several different FIR filter
designs, see, for example [5].
In this section, we consider the minimax dB linear phase lowpass FIR filter design,

min

S.t.

t
n/2—1

1

S =2 ) mcos(k—m—D/w) <1, 0w =0,
k=0

n/2—1
—B =<2 hcos(k—(n—1)/2w) <B. o, <w<=<T,
k=0

t>1,
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where 8 > 0 and 0 < w, < w; < 7. For simplicity we assume 7 is even.

Note that this problem has infinite constraints. Subsequently, we discretize the frequency
parameter w to obtain a finite-constraint approximation. Moreover, there is a nonlinear term
% in the first part of the constraints. To convert it to a second order cone constraint, we
introduce u such that

<u.

~ | —

We take the following approach,
l<ut &v><2ut, foru>0,r>1, and v=+2.

Now, we obtain the problem in SOCP form,

min ¢
n/2—1

st u<?2 Z hicos((k — (n —1)/2)w;) < t, j=0:N;—1,
k=0

2l (3.9)
—B <2 ) hicos((k —(n—1)/2w;) < B, j=N:N,
k=0

t>1,v=12,

v2 < 2ut,u >0,

where 0 = wg < -+ < Wy 1 = Wy, Wy = Wy, < -+ < wy = w. We use the following
data in our test cases.

Example 5. Given B = 0.01, w, = 7/2, and w; = 27 /3. We descretize the frequency
parameter w by the uniform step ﬁ We choose n = 10, 20, 40, 80 as our test samples.
More details about this problem and the interior point approach can be found in [19].

3.6.  Equilibrium of system of piecewise linear springs

This problem describes a mechanical system to find a hanging chain consisting of N links.
The first and last nodes are fixed. Each node has a weight m ; hanging from it. The problem
is to minimize the energy of the system (see [5, 15]):

. k
min Y Smjgy; + 5l
J

st (e, y) — (o, yi-DIl =l <t;, j=1:N,
(x0, yo) = (a1, a2),
(xn, yn) = (b1, b2),
t>0,

(3.10)
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where g is the acceleration due to gravity, k is the stiffness constant of the springs, [y is the
rest length of each spring, and #; is an upper bound on the spring energy of the j-th spring.
Consider ||l‘||2 <2uv,u =1,v > 0, S; =1 + ly,, ej = X; — Xj—1, f,' =Y —Yj-1»
j=1:N.Then Zj fij = by —a and Zj e; = b; — a;. The objective function becomes
Zj m;gy; + kv. Furthermore,

i=1

82 (Z”ﬁ)f; +82a2+kv.

j
ijgyj+kv=g2mj(2f,+ >+kv
> -

The linear and cone constraints are

ij=b2—a
Ze,:bl—al

Sj—tjzl(), j=1:N,
u=1,

2 2 S .

ej—i—fj_j, j=1:N,

171> < 2uv, u,v=>0.

A
5y

Example 6. The data is the same as in springs.mod in [16]. We have £k = 100, [, =
2/(b1 —a1)* + (by — @2)*/N, g = 9.8, m = 1, (a1, @) = (0, 0), and (by, by) = (2, —1).
We use N = 10, 20, 40, 60 as test cases.

4. Numerical realization and results

This chapter presents numerical results for quadratic programming and second-order cone
programming. We implemented algorithms in the MATLAB environment. First, we discuss
some computational issues arising in second-order cone programming and different variants
of the algorithms. We use examples described in the previous chapter as test sets and compare
their results. Detailed information on the test set is in [4].

4.1. Linear system

Here, we will discuss some computational issues in second order cone programming, es-
pecially the linear system (1.6). Denote by [ry, 72, 3, 4, r5]7 the right hand side of (1.6).
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The augmented system following from (1.6) is

—~(XT@OW) ) ISTOW — Zcc” AT 4 ZebT \ /A,
K
A= Lpet TppT <Ay)
K K
rp— OWTX 'y +mc
B ry + mb ’

where m = f(r3 + r5/T). We use the NT direction, i.e., X = §, apply the Sherman-
Morrison-Woodury formula to the coefficient matrix, and denote

pi —(@OW)? AT\ '/c
p= = , and
()=C%" %) ()

_ 4.1
<q1> <—(®W)2 AT)1 <r2 - @WTx—1r4) 1)
7= q> - A 0 r '
Hence,
Ax m—(=c" b7
( ):(QI>+h<pl>, where h = TK( - T)q. 4.2)
Ay 92 P2 L+ (=c" b7 )p
296 The next lemma follows immediately.
297 Lemmad.l. h = Art.
Proof:
AT —h = E(;’3 +rs/t+cAx —bTAYy)—h
K
T
= —(3+75/T 4" g1+ hp) = b (g2 + hp2) —
—m— (=T BT —h<1 + (=t bT)p>
K K
=0.
298 O

Moreover, the normal equations are

b+ A(OW)c,

AOW)2AT gy = ri + AOW) 2(r; — OWT X '1y),
pl=—OW)*(c—A"py),
g =—(OW) 2, — OWTX 'ry — ATq).

A@OW) AT p,
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Subsequently, the search direction can be computed as follows:

AT = h,
Ax = q1 + Atpy,
Ay =g+ Apa,

As = —(OW)?Ax + OWT X 11y,
Ak = —EA‘L’ +rs/T.
T

Furthermore, one can rewrite As as
As =ry— AT gy + At(c — AT py).

Two vectors 1, — Aqu and ¢ — AT p, have been calculated while computing p; and q;.
Because of the definition of W, (W/)? and (W)~ are easy to obtain:

(Wi)—z — _Qi _ 2Qlwl(1 a z(wi)T ini)fl(wi)T Qi
= 0'(=Q' +2v' )"’

=0 +2( )" )i (wh)")

w2:n1
since 1 —2(w)T Q'w! = —1. 299
4.2.  Long-step path-following method 300

In this section, we start by stating the long-step path-following algorithm with the scaled
search direction and then compare the heuristic choices of the centering parameter o with
the proposed choices. First, we give the linear system for the scaled search direction,

A —-b 0 0 0 Ax (o0 — Dy
0 —c AT I 0 AT (o — Dry
—cT 0 T 0 -1 Ay | = (0 —Drs . 4.3)
STrew 0 0 XTOW)' 0 As —XSe+ope
0 K 0 0 T Ak —TK 4+ ol

In algorithms, we denote ¢ = (x, 7, y, s, k) and all other 5-tuple vectors are also converted 301
to A, ¢V, and etc.
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Algorithm 4.2.  Given (x©, 1), s©, k@) € K, opnin < 00 < Omax, ¥
o = (75 4+ Oy /(k 4+ 1),

For N=0,1,...
Set p = ™).
Solve (4.3) for A¢,
where ry = Ax — br,
1y = ATy+s — T,
r3=—clx+bly—«.
Find o = argmax{a € [0, 1]|¢p + aA¢p € N(y)}.
Update oV D = ¢ + apax A,
Update piyy1, ON415 VN1
end.

302 In the basic algorithm, the parameter yy . is fixed for all iterations. Here, we consider
303 that y can be changed at each iteration and propose a way to choose oy 41 and ;. We also
304 compare this choice with the heuristic choices of oy and fixed y. Since the comparisons
305 are based on the same algorithm, we only compare the number of iterations.

Let us consider three heuristic choices with fixed y = 0.001:

2

H2 Gz(ﬂ)’
UN

m 3

H3 o=< N+1)7
UN

" 4

H4 o:( N+l>.
MN

306 We now present the algorithm for choosing x and o.

Algorithm 4.3. o = (2% 030 = 0.9, 0 = 0.005

MN-1
if 0 >= Omax
y = 0.0001;
elseif o < 10 * opyin
if py <1071
_ (_N 3.
o= (MN}L) ’
y =0.01;
else
__ (_MN 4.
o =05
end
else
y =0.001;

end
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In the literature, authors seldom show exactly how y and o are chosen. Although these
heuristic choices of o are mentioned frequently in the literature, practical algorithms must
develop more robust methods to choose ¢. As one can see in Table 1, the performances
of H2, H3, and H4 vary in each problem. The main idea of Algorithm 4.3 is to use three
heuristic choices and to change the size of the neighborhood according to the result of H2.
If o is greater than oy, it follows that the descent of 1y is small. One way to achieve
larger descent is to have a larger neighborhood, i.e., choosing a smaller y. If o is less than
10 X Omin, it means that a large descent has been made. When py is getting closer to the
tolerance, it is important to pull the new point back to the central path, i.e., choosing larger
y. If uy is still large, we use H4 to loosen the centering parameter. The reason is that the
small value of H2 indicates that the current neighborhood is large enough to allow for a large
descent. The following table shows the number of iterations for reaching the optimum using
Algorithm 4.2 combined with the above four methods to choose o and y. According to this
table, we see that the number of iterations using Algorithm 4.3 is overall less than using the
heuristic choices. The average is about 6 iterations less than H2, and H3, 7 iterations less

Table 1. The number of iterations for different methods of choosing o.

Algorithm 4.3 H2 H3 H4
EX1-50 20 25 23 24
EX1-75 21 27 25 25
EX1-100 22 28 25 26
EX1-200 23 28 28 28
EX2-50 13 18 18 21
EX2-100 13 19 18 21
EX2-150 14 19 20 21
EX2-200 14 18 18 18
EX3-10-4 18 24 25 25
EX3-20-4 16 21 22 23
EX3-30-9 18 23 24 25
EX3-40-9 18 24 23 26
EX4-mark 18 27 25 27
EX4-return 23 30 30 29
EX4-risk 21 27 26 29
EX5-10 27 30 33 31
EX5-20 26 32 31 33
EX5-40 30 35 37 36
EX5-80 31 36 35 38
EX6-10 26 28 34 33
EX6-20 35 36 42 43
EX6-40 50 57 57 58
EX6-60 62 66 71 79

Total 559 678 690 721
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Figure 1. Comparison of u from Algorithm 4.3, H2, H3, H4.

322 than H4. Since the problem is large, the running time for 6 or 7 iterations is still significant.
323 Figure 1 from EX6-40 shows that ;1 decreases much more in Algorithm 4.3 than in the
324 other three methods. Similar graphs can be obtained for each test case.

325 4.3. Predictor-corrector algorithms

326 The predictor-corrector method for linear programming was proposed by Mehrotra [6] based
327 onasecond-order correction to the pure Newton direction. This method works quite well for
328 LPand QP in practice, although its theoretical result in [18] has the same complexity as the
329 short-step method. In this section we start by describing the idea of the predictor-corrector
330 method and then derive its linear system for SOCP and give two variants of the algorithm.
Given a point (x, T, y, s, k) with (x, ), (s, k) € K. The predictor direction is found by

solving the following system:

A —-b 0 0 0 Ax, —r
0 —c AT I 0 AT, —r
—cT 0 T 0 —1 Ay, | = —r3 , 4.4)
STOW 0 0 Xrew)!' o0 As, —XSe

0 K 0 0 T AV —TK
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where r(, 1, r3 are defined as in (4.3). Next, we find the step length o, along this
direction:

a, = arg max{a € [0, 1] (x, 7) + a(Ax,, AT)), (s, k) + a(As,, Ak,) € K},
4.5)

and define
p =[x +apAxp) (s + apAsy) + (T +ap ATk +a, Akl /(k+1).  (4.6)

Note that the reduction obtained using the predictor is larger than that for the long-step
path-following method since

(x + Axp)T(s + As,) = xTs + xTAxp + sTAxp + Ax;Asl,
T
= Axp As,

< Ax;Asl, + oue.

We now consider the corrector direction and the centralizing step at once. Denote a corrector-
centering step by (Ax., At., Ay., As., Ak.:). Assuming that the full step of predictor and
corrector-centering directions are taken, we expect

(xi + Ax; + Axf.)T(si + As; + Asf.) =op, i=1:k. 4.7

After expanding the left hand side of (4.7) and ignoring the higher order terms (Ax ;)T Asl,
(Asi)T Axl, and (Ax))" Ast, one has

(si)TAxi + (xi)TAsé Xopu— (Ax;)TAs",;.

Then, the corrector-centering direction is obtained by solving

A -b 0 0 0 Ax, ory
0 —c AT 1 0 AT, or
=T 0 b 0 -1 Aye | = or;
STew 0 0 XTOW)™' 0 As, oupe — AX,AS,e
0 k 0 0 T Ak, o, — AT, Ak,

(4.8)
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331 We describe two algorithms using the predictor direction and the corrector-centering
332 direction mentioned above. All initial data are chosen as in Algorithm 4.2.

Algorithm 4.4. Initial Data as in Algorithm 4.2

Let x =(x,t)and ¢ = (s, k)

For N=0,1,...
Set ¢ = ¢
Solve (4.4) for A¢,
Calculate ., from (4.6) and o
Solve (4.8) for A¢.
Set Ap = Ay, + A,
Find oax = argmax{a € [0, 1]|x + aAy, c +al¢ € K}
Update ¢(N+l)) = ¢ + dmax A9

end.

Table 2. Comparison of our methods with the codes [1, 12, 14, 15].

A. 44 A. 45 A. 42 SeDu SDPT MOSK LOQO

EX1-50 13 15 20 13 12 13 44
EX1-75 16 14 21 16 11 13 44
EX1-100 14 16 22 16 12 14 51
EX1-200 17 17 23 16 12 16 60
EX2-50 9 10 13 15 9 8 13
EX2-100 8 13 13 12 10 8 14
EX2-150 9 9 14 15 10 10 12
EX2-200 10 9 14 14 10 10 13
EX3-10-4 13 14 18 13 21 10 88
EX3-20-4 11 13 16 14 16 10 f
EX3-30-9 11 14 18 14 15 10 f
EX3-40-9 13 14 18 14 12 10 f
EX4-mark 12 14 18 10 na 9 na
EX4-return 15 14 23 12 na 9 na
EX4-risk 14 16 21 12 na 9 na
EX5-10 17 21 27 6 na 6 na
EX5-20 17 25 26 7 na 6 na
EX5-40 18 22 30 7 na 5 na
EX5-80 23 24 31 8 na 5 na
EX6-10 11 16 26 13 na 10 na
EX6-20 11 15 35 15 na 10 na
EX6-40 11 26 50 13 na 12 na

EX6-60 14 26 62 14 na 11 na
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Algorithm 4.5. [Initial Data as in Algorithm 4.2

Let y = (x,t)and ¢ = (s, k)

For N=0,1,...
Set ¢ = ™)
Solve (4.4) for A¢),
Calculate ., from (4.6) and o
Solve (4.8) for A¢.
Set Agp(a) = alg, + a> A,
Find oimax = argmax{a € [0, 1]|x + Ax(a), ¢ + Ac(a) € K}
Update ¢(N+1) = ¢ + AP(Amax)

end.

Table 2 lists the results for these algorithms as well as for the long-step path-following 333
method, i.e., Algorithm 4.2 combined with Algorithm 4.3 and it compares those with all four 334

Table 3. Comparison between full system, normal equations, and other methods.

Alg. 4.4 (full) ppc inexact_pc

EX1-50 13 16 13
EX1-75 16 19 13
EX1-100 15 19 14
EX1-200 14 21 18
EX2-50 9 13 12
EX2-100 8 11 8
EX2-150 9 15 8
EX2-200 10 11 10
EX3-10-4 13 15 13
EX3-20-4 11 17 15
EX3-30-9 11 17 11
EX3-40-9 13 19 13
EX4-mark 12 15 13
EX4-return 15 17 13
EX4-risk 14 19 13
EX5-10 17 20 18
EX5-20 17 27 29
EX5-40 18 f 29
EX5-80 23 43 29
EX6-10 11 20 11
EX6-20 11 11 11
EX6-40 11 17 12

EX6-60 14 17 13
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algorithms for SOCP problems we had evaluated for the Seventh DIMACS implementation
Challenge [7]. Similar to LP, Table 2 also shows that in our test case Mehrotra’s version of the
predictor-corrector method works better than long-step path-following methods. Moreover,
the quadratic combination of predictor and corrector directions, i.e., Algorithm 4.5, has a
few great results, but it is still worse than Algorithm 4.4 overall, sometimes even worse than
the long-step algorithm. Besides the above two algorithms, we would have two variants
for Algorithm 4.4. First, inspired by [3, 8], we implemented a code for the inexact Newton
method by adding a small residual term to the right hand side. We use inexact_pc to denote
this algorithm. Second, using the predictor direction one more time if the reduction of u
is significant. We denote this method as ppc. Moreover, instead of solving the full system,
we use the normal equations in Table 3. In order to solve large scale problems, solving
the full linear system is not as efficient as solving the normal equations. Nevertheless, for
some problems, the condition number of the coefficient matrix for the normal equations is
much larger than for the full linear system as the point is getting closer to the solution, for
example, EX2-75 (see figure 2).

We also show the results for using the full system and the normal equations. In the tables,
‘f” denotes failure. SDPT3 and LOQO do not handle rotated cone constraints. Our best
method performs quite well compared to the other codes. As the evaluation [7] had shown,

18

10

1016 L Full matrix: -

Normal equation: .

14|

condition number

iteration

Figure 2. The condition number of the coefficient matrix for full linear system and normal equations.
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the code MOSEK which is the only one specialized for convex optimization including SOCP
is the most robust and efficient for such problems. Its performance is very comparable to that
of our best method because the approaches are very similar except for a better exploitation
of sparsity in MOSEK. SeDuMi uses also a self-dual embedding technique and was mainly
optimized for robustness, which is reflected in the uniformly moderate but not lowest
iteration counts and the lack of failures. SDPT3 uses an infeasible path-following method
and could probably handle larger sparse cases nearly as well as MOSEK. LOQO finally, is
a general NLP code and it treats the SOCP problems as smoothed nondifferentiable NLPs
which in some cases leads to larger iteration counts.

5. Conclusion

Throughout this study, we discuss second-order cone programming theoretically as well
as practically. Both the long-step path-following and predictor-corrector algorithms are
studied. Existence of the step length « is shown for the long-step method. Furthermore, a
specific algorithm for choosing the centering parameter ¢ and the size of the neighborhood
y is developed and tested successfully on our test cases. Next, several variants of predictor-
corrector algorithms are also compared. We analyze the numerical behavior of the linear and
quadratic combinations of predictor and corrector directions. The idea of inexact Newton’s
method and of repeating the predictor direction one more time are also integrated into
the algorithm. According to our numerical results, the inexact method for SOCP can be
expected to behave similarly as in LP. Overall, Algorithm 4.4 using the normal equations
works best for both full and sparse cases. The linear constraints in Example 5 lead to a full
matrix. The inexact method works competitively in every case except Example 5.
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