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1 Introduction

In the recent papers [6], [7], and [9] we described the construction of a new
class of diagonally implicit multistage integration methods (DIMSIMs) for
ordinary differential equations (ODESs). These methods are special cases of
general linear methods and have considerable potential for efficient imple-
mentation [8]. To construct such methods we impose the appropriate order
and stage order conditions and then try to choose the remaining free coeff-
cients to obtain some desirable stability properties. We are aiming at large
regions of absolute stability in the explicit cases and at A-stability and L-
stability in the implicit cases. These stability requirements lead, in principle,
to large systems of nonlinear equations which we attempted to generate and
solve using many different approaches. For low orders (p < 3 and in some
cases for p = 4) this was succesfully accomplished with the aid of symbolic
manipulation packages such as MATHEMATICA or MAPLE [6], [7]. For
moderate orders (p = 4) the resulting systems of nonlinear equations were
generated by symbolic manipulation software and then solved numerically
with the aid of subroutines based on continuation methods from PITCON,
ALCON, and HOMPACK [7]. For higher orders (p = 5 and p = 6) these
nonlinear systems were generated by the algorithm based on least squares
minimization. The preliminary version of this algorithm was described in [8]
and resulted in an overdetermined system of nonlinear equations for the co-
efficients of the method. This algorithm was further refined in [9] where we
were able to reduce the number of nonlinear equations to match exactly the
number of unknown coefficients. These equations were obtained by a variant
of the Fouries series method. These systems were then solved with the aid
of subroutines 1mdif.f and lmder.f from MINPACK. These subroutines
minimize the sum of squares of nonlinear functions by a modification of
the Levenberg-Marquardt algorithm [12]. Examples of explicit and implicit
DIMSIMs of order p = 5 and p = 6 constructed by the above algorithm are
presented in [9].

For still higher orders (p = 7 and p = 8) the subroutines based on the
Levenberg-Marquardt algorithm are not powerful enough to solve the corre-
sponding systems of nonlinear equations to a high accuracy in a reasonable
time. To derive such methods we had to use more efficient optimization
algorithms and the algorithm based on an improved version of NL2SOL [11]
was able to do the job.

The organization of this paper is as follows. In the next section we give
a brief introduction to DIMSIMs with p = ¢ = r = s, where p is the order,
g is the stage order, r is the number of external stages, and s is the num-



ber of internal stages. In Section 3 we review the construction of explicit
and implicit DIMSIMs whose stability regions correspond to given stabil-
ity functions chosen in advance to obtain favorable stability properties. In
Section 4 we describe the construction of A-stable and L-stable generalized
approximations to the exponential function. In Section 5 the optimization
methods utilized are sketched and some details on their use are given. In
Sections 6 the examples of DIMSIMs of type 1 and type 2 are presented.
Finally in Section 8 some concluding remarks are made.

2 A short introduction to DIMSIMs

Given the vector ¢ = [c1,...,cs]T and the coefficient matrices A = [a;;],
U = [ui;], B = [bi;], and V' = [v;;], the DIMSIMs for the numerical solution
of ODEs

{ yl(w) = f(y(x))a T€E [$07X]7 (21)

y(2o) = Yo,

are defined by

S r 1

Y;:hzaljf(yvj)_l_zuwy‘gni]a 1=1,2,...,s,
=1 =1 (2.2)

S T
yl[n] = hz bz]f(yj) + Z’Uijyj['n_l]a i=1,2,...,m,
7j=1 7j=1

n=20,1,..., N, Nh =X —xy. Here, Y;,7i=1,2,...,s, are internal approx-
[n]

imations to y(zp—1 + h¢;), Tn—1 =zo+ (n—1)h,and y; *, i =1,2,...,r are
external stages.

These methods were introduced by J.C. Butcher in a recent paper [3].
There is some theoretical and practical evidence [6], [7], [8], and [9] that
DIMSIMs with p = ¢ =r = s and U = I, where I is the identity matrix of
appropriate dimension, have the biggest potential for practical use. For this
reason in what follows we will restrict our attention to only such methods.

It was demonstrated in [3] that (2.2) has order p equal to the stage order
g if and only if

B=By—AB1 —VBy+ VA, (23)

where the (7, j)-elements of By, By, and By are given by

14c; Ci
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respectively, with
T —ck

li(z) =] —,
ki 9k
compare [3], [7], [9]. These matrices are uniquely determined by the vec-
tor ¢ and can be easily calculated with the aid of symbolic manipulation
software. This is a very convenient representation of the order conditions
and once the coefficient matrices A and V' are determined from appropriate
stability requirements, the coefficient matrix B will always be computed by
the formula (2.3).

We will consider explicit and implicit DIMSIMs corresponding to the
lower triangular matrix A of the form

A0 O ... 0

a1 A 0 0
A= | a31 az A 0 ,

as1 As2 ... Qss-1 A i

where A = 0 (type 1 methods) or A > 0 (type 2 methods). These methods
are appropriate for nonstiff or stiff differential systems, respectively, in a
sequential computing environment. Moreover, we will always assume that
V is a rank one matrix given by

vT V2 ... Ug

V1 V2 ... g
V= . . . . 3

v1 V2 ... Ug

with 77, v; = 1. This choice guarantees that V is power bounded which is
a necessary condition for convergence.

As explained in [3], [6], and [7] the stability properties of the method
(2.2) are determined by the stability matrix

M(z) =V +2zB(I — zA)™",
and the corresponding stability function
p(w7 Z) = det(wI - M(Z)),

where w and z are complex numbers. In what follows we will try to construct
methods whose stability regions correspond to the functions p(w, z) which
are chosen to possess some desirable stability properties. This process is
briefly described in the next section.



3 Construction of DIMSIMs of type 1 and 2 with
given stability function

Consider first DIMSIMs of type 1. The stability function p(w, z) of such
methods has the form

S

p(w,z) = Y (—1)*pp(2)w*F,

k=0
where pg(z) =1 and
S
pe(z) = Y prd
l=k—1
are polynomials of degree less than or equal to s whose coefficients py; depend

on a;; and v;. We will try to compute a;; and v; so that the stability function
will be equal to

p*(w,z) = w' Hw — R(2)), (3.1)
where s
Rz =35
i=0 I

is the approximation of order s to the exponential function exp(z). To this
end we will choose the points w,, u =1,2,..., Ny and z,, v = 1,2,..., Ny
in the complex plane and then construct the objective function given by

N1 Ny

flaij,vi) = > > I plwy, 2,) — p*(wy, 2,) 2. (3:2)

pu=1v=1

This function is then minimized using standard optimization techniques.
The coefficients a;; and v; which correspond to the zero minimum value of
f yield the desired DIMSIM of type 1.

The refinement of the above technique was examined in [9] which is based
on the computation of the coefficients p; by a variant of the Fourier series
method. Assuming that w, and z, are uniformly distributed on the unit
circle and that Nj, Ny > s+ 1 this leads to the system of (s — 1)(s + 2)/2
nonlinear equations

N1 N»

Yo > wi Ttz p(w, ) =0, (3.3)

pu=1v=1

k=2,3,...,8,l=k—1,k,...,s for the (s—1)(s+2)/2 unknown coefficients
aij, © = 2,3,...,8, 7 =1,2,...,i—1, and v, ¢ = 1,2,...,5 — 1 of the



method of type 1. The solution to this system can then be attempted by
techniques for the numerical solution of nonlinear equations or least squares
minimization. These techniques are discussed in Section 5.

Consider next type 2 methods. It was demonstrated in [9] that by making
the substitutions

and A=A— M\

Z7 =
1-— Az

we obtain the stability polynomial

ﬁ(wa'/z\) = Z(_l)kﬁk(g)w57ka (34)
k=0

where po(z) =1 and

which has the same form as polynomials pg(z) corresponding to type 1 meth-
ods.

In [9] we constructed implicit DIMSIMs of order p = 5 and p = 6 with
stability polynomial of the form

I/)\*(wa E) = ws—l(w - E(E))a

where R(Z) is the stability function of the SDIRK method of order s. In this
paper we will follow a different approach and we will attempt to construct
methods with stability polynomial p(w, z) of the form

P (w,2) = w7 (w® — p(2)w + 55(2)), (3-5)

where pj(Z) and p5(Z) are polynomials of degree less than or equal to s.
These polynomials will be chosen in such a way that the corresponding
methods are A-stable and L-stable. This process is described in the next
section.

We have used a different approach than in [9] for the following reasons.
It is known that the stability function of the SDIRK method of order p =7
cannot be A-stable for any A (compare [16]) so that the approach of [9] would
not lead to type 2 DIMSIMs which are A-stable. The situation is different
for p = 8 where A = 0.23437316 corresponds to the SDIRK method which
is A-stable and L-stable (compare again [16]). However such a parameter
A is unique while the approach used with the function of the form (3.5)
leads to an entire interval for the suitable parameter A. Since we can only
compute approximations to DIMSIMs with desired stability properties we



believe that the new approach to the construction of type 2 methods is more
robust than the approach presented in [9].

The objective function f(d;j,v;) corresponding to type 2 methods takes
the form

N1 N2
az]aUz Z z | B( wu,zu - (wu,zU) |2a (3.6)

p=1lv=1
where w,, p = 1,2,...,Ny,and z,,, v = 1,2, ..., Ny are appropriately chosen
points in the complex plane. Assuming again that w, and Z, are uniformly

distributed on the unit circle and that N1, Ny > s+ 1 we obtain a system
of (s —1)(s +2)/2 equations

N1 N>
2—

N]_NZZZU) S wu,zu) I/)\;’l’ l:1’2""537

i 3.7)
N1 No ( .
ZZwks Plwy, zy) =0, l=k—1,k,...,s,
pu=1lv=1

k =3,4,...,s, where pj is the coefficient of 2t in p3(2).

4 Construction of highly stable generalized approx-
imations to the exponential function

In this section we will describe the construction of A-stable and L-stable
generalized approximations to exp(z) [5]. We will look for approximations
of the form

p*(w,2) = (1= X2)*w’® — pi (2)w*™" + pj(2)w*™?, (4.1)
where pj(z) and p5(z) are polynomials of degree less than or equal to s. Let
XS: p,tlzl, k=1,2.
I=k—1
Since p*(w, z) corresponds to the method of order s it follows that [5]
p*(exp(2),2) = O(z*"1), (4.2)

which leads to the system of s + 1 polynomial equations for the parameter
X and the coefficients p},; of pi(z), k = 1,2. Assuming that

pi,=0, 1=56,....s,



Py =0, Il=5-3,5—2,...,5,

s =7 or s = 8 and solving the system corresponding to (4.2) we can express
the remaining coefficients pj ;, [ =0,1,2,3,4, and p3,, [ =1,2,...,s —4, in
terms of A\. These expressions are not reproduced here. The parameter A
can then be chosen in such a way that the polynomial p*(w, z) is A-stable.
Once this is done the corresponding function p*(w, z) will also be L-stable
since pj ; = p5 ; = 0.

The polynomial p*(w, z) has a root w = 0 of multiplicity s — 2 and to
assure A-stability the remaining two roots Rj(z) and Rj(z) should satisfy

for Re(z) < 0. It can be verified using the Schur theorem [18] that the
condition (4.3) is satisfied for

0.25864444 < X < 0.27688498

if p =7 and for
0.19799408 < X < 0.20136462

if p = 8. We will choose A = 13/50 for p =7 and A = 1/5 for p = 8. The
corresponding functions p*(w, z) take the form (4.1) with

1022815846 7864050101

Pi(2) = 1= (708084375 © 68359375000
21301028013 5 4289969757
136718750000 © 136718750000
(p) _ TOTLONSI 469409809 , 3769899337
P2\ = 3417968750 © T 68359375000 410156250000
and
o) - o B9 TAT , 102807 5 301687
P1 31250 © " 437500 2187500 26250000 ~
. 15179 146989 , 556099 , 71741
py(z) = — z— z° — z° — z°,
31250 ° 437500 6562500 8750000

respectively. Making the substitution z = Z/(1 + AZ) the polynomial

o p(w,2)

P (w,2) = m

8



can be rewritten as
p*(w,2) = w® — Py (2)w' ™" + p5(2)w’ (4.4)

with
4175071433 - 126776049293 24 24844782161 3
3417968750 341796875000 1708984375000

209188231309 4 n 5180883892327 4
z z° =
85449218750000 2136230468750000

304728451611597 6 1078437059539437 7
2136230468750000000 13351440429687500000 ~ ’

757102683 ot 17207866799 24 287549223877 3
3417968750 48828125000 1281738281250

18699774431377 A4 54099471240529 5
256347656250000 4272460937500000

997732278309637 ¢ 4 173150891219683 7
915527343750000000 - ' 5006790161132812500

if p=7and
53 = 14 16071 . 503707 L2 333233 3
. B 31250 2187500 1562500

7167059, 1000631 5 1162677
131250000~ 164062500 ~ 2734375000

253999, 223201 4
5126953125 58593750000 ~

15179 2222487 o 29397383 4

7)) = — 319507 " 2187500 ° 32812500 7
56506619 , 19910071 ; 23524633 ;
131250000 164062500 1171875000
2641040 ;  278TI96T
1464843750 410156250000
if p =8.



5 Least squares minimization

As was noted above, the determination of the coefficients of higher-order
DIMSIMs is of increasing difficulty. When we attacked this problem for
p > 6, first the approaches employed for p < 6 were used again. Only the
least squares approach based on (3.2) and (3.6) was producing coefficient
vectors that had a somewhat though insufficiently small residual f. However,
an excessive amount of function evaluations was necessary even to produce
these unsatisfactory results. Next, a number of methods not utilized before
were tried to minimize (3.2) and (3.6) or to solve the systems (3.3) and
(3.7). Based on the experience gathered a choice was made to use the
rather sophisticated algorithm available in DN2G and DN2GB. These are
nonlinear least squares routines available in NETLIB/PORT, the public
part of the PORT library [21]. They are new versions of the original code
NL2SOL [10, 11]. A description of the improvements can be found in [1]. In
particular, the least-squares problem is considered with additional bound-
constraints on its variables as proposed in [14].

The least squares solution in NL2SOL was developed as a generalization
and improvement of standard approaches such as the Levenberg-Marquardt
in Imdif.f and 1lmder.f from MINPACK which we had used for p < 6.
Specifically, section 8 in [10] contains a comparison with the latter. DN2G
(without bound constraints) and DN2GB utilize adaptive quadratic model-
ing. Special problem structure is exploited by maintaining a secant approx-
imation to the second-order part of the Hessian of the objective function
f. The program switches adaptively between a Gauss-Newton and an aug-
mented Hessian approximation where the Gauss-Newton steps are computed
from a corrected seminormal equation approach. If we write any of the non-
linear least-squares functionals in the generic form

27"1 = )TR( )
and denote the Jacobian of R by J, then the Hessian of f is
V2f(z) = )+ Z ri(z)V2ri(x

and the Gauss-Newton model at the iterate x = xj, is

(@) = SR R + (@ - o) () Rla)
1
2

+ oz — o) T (@) T (k) (2 — ).

10



In NL2SOL one adds an approximation to the difference between this and
the standard quadratic Taylor model of Newton’s method to obtain another
model

af(@) = 3R R + (@ — 76 (o) R(z)

1
+ - o) [ J ()T I (2r) + Skl (@ — ).
To update Sy a straightforward modification of the Oren-Luenberger self-
scaling technique [20] is used. Finally, the choice which of the above models
to use is intimately related to the trust region approach utilized to pick Azy,

which has the form
Azy, = (H + N\ D) "'V f (1),

where Hj, is the current approximation of the Hessian, Dy a diagonal scaling
matrix, and Mgy > 0 is chosen by the same procedure as in [19]. More details
can be found in [11, 1]. The code is much larger and more complex than
standard least squares programs but has proven to be very robust and at
the same time reasonably efficient.

In a first phase of the solution process a search was performed execut-
ing a suitable maximal number of iterations, typically 1000-5000 for each
of a small number (10-15) of starting points with coefficients uniformly dis-
tributed in [—1,1]. Those points that had a small f-value and not too large
components were subsequently improved. For the initial phase the problems
(3.2) or (3.6) led in general to a more effective reduction of the residual. In
the second phase, however, it occasionally happened that DN2G(B) termi-
nated prematurely when applied to (3.2) or (3.6). Then, a perturbation that
led to a continued decrease of the residual, was accomplished by switching
between the functionals (3.2) or (3.6) and (3.3) or (3.7). This way, in all
cases solutions with sufficiently small residuals could be found. The bound-
constraints in DN2GB were mainly used to exclude solutions with unduly
large components. Never was a final solution computed which had one of
the bound constraints active.

First, the PORT routines DN2F(B) were used which employ a simple
finite difference approximation of the Jacobian of f. They were found not to
yield satisfactory results and instead a high-order numerical differentiation
provided in DONLP2 [13] was used in the routines DN2G(B). Alternatives
would have been to code the exact derivatives as in [14] or to use automatic
differentiation, for example, ADIFOR [2]. The numerical differentiation in
[13] uses sixth-order extrapolation, specifically Richardson extrapolation of

11



three values of the symmetric difference quotient with a relatively large
stepsize. Since the maximum of seventh partial derivatives on which the
optimal stepsize § depends is unknown, it is replaced by 1 in the formula
for this stepsize, namely

6 =0.25 % machepsl/7.

The gradient vector Vf = [V fi,..., Vfn]! of a function f(z) is then ap-
proximated through the following algorithm.

for i := 1(1)N do
0 = 5(1+ |ai);
= f(z — 0ze;); fo = f(z + dze;);

f3 = f(x — 20ze;); fo = f(z+ 20ze;);

f5 = f(x —4dze;); fo = f(z+ 40ze;);

s1= (f2 = f1)/(20);

s2 = (fa — f3)/(40z);

s3 = (fo — f5)/(802);

Vfii=s+0. 4(81 — 82) (81 — 289 + 83)/45
enddo

Here, e; denotes the i-th unit vector.

This numerical differentiation procedure produced errors in the last sig-
nificant solution components when compared with exact differentiation on
a large number of optimization test problems solved by DONLP2 [13].

With the techniques described in this section solution to the least squares
problems were obtained which satisfied quality criteria defined for the spe-
cific problem at hand and outlined in Section 6. While these solutions did
not have zero residuals their quality as coefficients of high-order DIMSIM
methods was deemed quite satisfactory and while attempts, for example,
through use of extended precision computation to further decrease their
residuals were made, they will not be reported here. The additional effort
spent does not seem to be justified for our purposes.

6 Examples of DIMSIMs of type 1 and 2

We present below the examples of type 1 DIMSIMs of order p = 7 and
p = 8. As explained in Section 5 the coefficients a;; and v; were computed
by the PORT library routines DN2G and DN2GB applied to (3.2) and (3.6)
or (3.3) and (3.7) and then represented in the rational form by using the

12



MATHEMATICA function Rationalize|z,dz| with z = a;; or z = v; and
dz = 101, The consistency condition >>_; v; = 1 has been lost because of
the rational approximations and hence, in any practical use of the methods,
one of the v; should be found numerically in terms of the others to ensure
that consistency is exactly maintained. The coefficient matrix B was then
computed using the formula (2.3), where the matrices By, By, and By cor-
respond to the vectors ¢ with components uniformly distributed on the unit
interval [0, 1], that is

1 2 s—2 1T
s—1 s—1 7 s—1 '

The matrix B is not displayed here.

To measure how well the derived methods approximate DIMSIMs with
given stability properties we compared stability polynomials p(w,z) and
p(w, z) of the methods listed below with the stability polynomials p*(w, z)
given by (3.1) for type 1 methods and with p*(w, ) given by (3.5) for type
2 DIMSIMs. To be more specific, we monitored for type 1 methods the size
of the coefficients of the polynomials px(2), k = 2,3,...,s, and the relative
errors of the coefficients p; ; of the polynomial p;(z). These polynomials are
defined in Section 3. This information is reflected in the following vectors

s 1/2 s 1/2
Abserr = l (Zp%,l> ( Z pf’l> ]
=1 I=s—1

Ip1,0 — P ol Ip1,s — P 4
p{ 0 pl S ’

k]

and

Relerr = [
where p7 ; = 1/4', 7 =0,1,...,s. Similarly, for type 2 methods we moni-
tored the size of the coefficients of the polynomials py(2), k = 3,4, ..., s, and
the relative errors of the coeflicients pi; and p,; of the polynomials p; (%)
and P2(2z). These polynomials are defined in Section 3. This information is
reflected in the following vectors

s 1/2 s 12
Abserr = [ (Zﬁil) aea ( Z ﬁ§l> ] ’
=2 l=5—1

P10 — P70 |P1,s — D7 ]

Relerr; =
l P10l 1P1]

13



|P2,1 — P51 |P2,s — D3 |

Relerry = ...
95,1 |95,

7

where py, are the coefficients of the polynomials py, £ = 1,2, defined in
Section 4.

14
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7 Assessment of the methods

Even though the methods derived here have not yet been subjected to nu-
merical testing, it is possible to say something about their likely performance
in comparison with standard methods. We will consider, in particular, the
type 1 method of order 8 derived here and attempt to assess it in comparison
with the 12 stage explicit Runge-Kutta method of the same order derived
by Dormand and Prince (DPRKS) [15]. Making an appropriate rescaling to
compensate for the differing numbers of stages, it is found that the stability
regions are almost identical. It is not possible to compare error constants for
the two methods since, in the case of DPRKS, this is problem dependent.
However, using the canonical test problem 3’ = Ay, we can compare the
work to produce equivalent errors. It is found that from this point of view
the two methods are again very similar; the scaled work for the DIMSIM
method is approximately 6% greater than for DPRKS.

These comparisons indicate that the order 8 type 1 DIMSIM is likely to
have at least comparable performance to DPRKS8. However, the fact that the
stage order of the DIMSIM method is ¢ = p = 8, suggests that this method
will actually have several advantages. Without any additional computation
in a step, order 8 interpolation is possible as is an asymptotically correct
error estimate. These two properties are not achieved for DPRKS8. It is also
believed that the higher stage order will make the DIMSIM method more
successful for mildly stiff problems.

As we have remarked, from the point of view of truncation error, at
least for constant-coefficient linear problems, the DPRKS8 and the DIMSIM
methods are more or less equivalent. However, the fact that there are 12
rather than 8 stages in PRRKS8 means that failed steps will cost much more
for the Runge-Kutta method. Hence, for problems where such failures can
arise, the DIMSIM is to be preferred.

At first sight, the multivalue nature of the DIMSIM method creates
implementation difficulties that do not arise for Runge-Kutta methods. This
especially applies to the need for starting and stepsize changing algorithms.
In a paper now under preparation, [4], it is shown how stepsize changing
can be carried out in an inexpensive manner without loss of stability. As for
a starting method, this can be avoided by constructing a variable stepsize
algorithm making use of type 1 methods that are now known from orders
1 up to the orders 7 and 8 methods announced in the present paper. The
crucial elements of such an algorithm are all present because it is not only
possible to estimate local truncation errors for each method in the sequence,
but it is possible, without extra stages, to estimate the truncation errors for
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the next higher, and of course next lower, members of the sequence.

Similar comments apply to DIMSIMs of type 2. Without any additional
computation in a step interpolation of order p = g is possible as is an asymp-
totically correct error estimate. The problem of starting the integration can
again be avoided by construction of a variable-step variable-order algorithm
starting with a method of order one. Moreover, since these methods have
stage order g equal to the order p they will not suffer from order reduction
phenomenon while integrating stiff systems of ODEs as do formulas of low
stage order such as, for example, SDIRK methods.

8 Concluding remarks

We described the approach to the construction of DIMSIMs for the numer-
ical solution of ODEs. These methods form a subclass of general linear
methods and have a considerable potential for efficient implementation. We
constructed both type 1 (explicit) and type 2 (implicit) methods which are
appropriate for nonstiff or stiff differential systems, respectively, in a se-
quential computing environment. These methods were obtained using the
approach based on least squares minimization with the aid of state-of-the-
art PORT library routines DN2G and DN2GB. The examples of explicit
and implicit methods are presented of order p and stage order g equal to
p=gq="Tand p =g = 8. The explicit methods have the same stabil-
ity region as polynomial approximation to the exponential function of the
same order. The stability function of the implicit methods is a generalized
approximation to the exponental function which is A-stable and L-stable.

This paper deals only with the construction of high order DIMSIMs
of type 1 and 2 with prescribed stability properties. We are, however,
well aware that various implementation issues related to these methods are
equally, or perhaps even more important than construction, and may influ-
ence the choice of appropriate formulas. These implementation issues such
as local error estimation, strategies for changing the stepsize and order of the
methods, and construction of continuous interpolants are treated in recent
papers [4], [8], [17], and [22]. The choice of starting procedures is considered
in [22]. Note that we envisage that DIMSIMs would be used in a variable
order implementation, and in such a case, the need for a specific starting
method for each order is eliminated.
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sentation of some parts of the paper.
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