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1 Introduction

In the recent papers 6, 7,and  we described the construction of a new
class of diagonally implicit multistage integration methods I I s for
ordinary differential equations s . These methods are special cases of
general linear methods and have considerable potential for e cient imple-
mentation 8. To construct such methods we impose the appropriate order
and stage order conditions and then try to choose the remaining free coeff-
cients to obtain some desirable stability properties. We are aiming at large
regions of absolute stability in the e plicit cases and at A-stability and L-
stability in the implicit cases. These stability requirements lead, in principle,
to large systems of nonlinear equations which we attempted to generate and
solve using many different approaches. or low orders p and in some
cases for p =  this was succesfully accomplished with the aid of symbolic
manipulation pac ages such as AT ATT Aor AL 6, 7. or
moderate orders p =  the resulting systems of nonlinear equations were
generated by symbolic manipulation software and then solved numerically
with the aid of subroutines based on continuation methods from IT ,
AL , and A 7. or higher orders p = 5 and p = 6 these
nonlinear systems were generated by the algorithm based on least squares
minimization. The preliminary version of this algorithm was described in 8
and resulted in an overdetermined system of nonlinear equations for the co-
e cients of the method. This algorithm was further re ned in  where we
were able to reduce the number of nonlinear equations to match e actly the
number of un nown coe cients. These equations were obtained by a variant
of the ouries series method. These systems were then solved with the aid
of subroutines and from I A . These subroutines
minimize the sum of squares of nonlinear functions by a modi cation of
the Levenberg- arquardt algorithm 12.  amples of e plicit and implicit
I I soforder p=2>5 and p =6 constructed by the above algorithm are
presented in
or still higher orders p = 7 and p = 8 the subroutines based on the
Levenberg- arquardt algorithm are not powerful enough to solve the corre-
sponding systems of nonlinear equations to a high accuracy in a reasonable
time. To derive such methods we had to use more e cient optimization
algorithms and the algorithm based on an improved version of L2 L 11
was able to do the ob.
The organization of this paper is as follows. In the ne t section we give
a brief introductionto I I swithp=¢g= = , where p is the order,
g is the stage order, is the number of e ternal stages, and is the num-



ber of internal stages. In ection we review the construction of e plicit

and implicit I I s whose stability regions correspond to given stabil-

ity functions chosen in advance to obtain favorable stability properties. In
ection we describe the construction of A-stable and L-stable generalized

appro imations to the e ponential function. In ection 5 the optimization

methods utilized are s etched and some details on their use are given. In
ections 6 the e amples of I I s of type 1 and type 2 are presented.
inally in ection 8 some concluding remar s are made.

ort introduction to 1 I

Given the vector = and the coe cient matrices = ,
= , = ,and = ,the I I s for the numerical solution
of S
B 2.1
are de ned by
= =12
2.2
= =12
=01 , = . ere, , =12 , are internal appro -
imations to , = 1 ,and , =12 are
e ternal stages.
These methods were introduced by . . wutcher in a recent paper
There is some theoretical and practical evidence 6, 7, 8, and that
I I swithp=¢g= = and = , where is the identity matri of

appropriate dimension, have the biggest potential for practical use. or this
reason in what follows we will restrict our attention to only such methods.
It was demonstrated in ~ that 2.2 has order p equal to the stage order
g if and only if
= 2.

where the -elements of , , and are given by



respectively, with

compare , 7, . These matrices are uniquely determined by the vec-
tor and can be easily calculated with the aid of symbolic manipulation
software. This is a very convenient representation of the order conditions
and once the coe cient matrices and are determined from appropriate
stability requirements, the coe cient matri will always be computed by
the formula 2.

We will consider e plicit and implicit I 1 s corresponding to the
lower triangular matri of the form

where =0 type 1 methods or 0 type 2 methods . These methods

are appropriate for nonstiff or stiff differential systems, respectively, in a

sequential computing environment.  oreover, we will always assume that
is a ran one matri given by

with = 1. This choice guarantees that is power bounded which is
a necessary condition for convergence.

As e plained in , 6, and 7 the stability properties of the method
2.2 are determined by the stability matri

and the corresponding stability function
P = det

where and are comple numbers. In what follows we will try to construct
methods whose stability regions correspond to the functions p which
are chosen to possess some desirable stability properties. This process is
brie y described in the ne t section.



on tructiono I I ot 1 nd it
1 nt 1it wunction

onsider rst I T s of type 1. The stability function p of such
methods has the form

where p 1 and
p = p
are polynomials of degree less than or equal to whose coe cients p depend

on and . Wewill try to compute and so that the stability function
will be equal to

p* = 1
where
is the appro imation of order to the e ponential function e p . To this
end we will choose the points , =12 and , =12

in the comple plane and then construct the ob ective function given by

*

= p P 2

This function is then minimized using standard optimization techniques.
The coe cients and  which correspond to the zero minimum value of
yield the desired I I of type 1.

The re nement of the above technique was e amined in ~ which is based
on the computation of the coe cients p by a variant of the ourier series
method. Assuming that and  are uniformly distributed on the unit
circle and that 1 this leads to the system of 1 2 2
nonlinear equations

p =0
=2 , = 1 for the 1 2 2 un nown coe cients
, =2 , =12 l,and , =12 1 of the



method of type 1. The solution to this system can then be attempted by
techniques for the numerical solution of nonlinear equations or least squares
minimization. These techniques are discussed in ection 5.

onsider ne t type 2 methods. It was demonstrated in  that by ma ing
the substitutions

= and =
1

we obtain the stability polynomial

p = L p
where p 1 and

p = p

which has the same form as polynomials p corresponding to type 1 meth-
ods.

In we constructed implicit I T s of order p = 5 and p = 6 with
stability polynomial of the form

*

p =
where is the stability function of the I method of order . In this
paper we will follow a different approach and we will attempt to construct
methods with stability polynomial p of the form

where p* and p* are polynomials of degree less than or equal to
These polynomials will be chosen in such a way that the corresponding
methods are A-stable and L-stable. This process is described in the ne t
section.

We have used a different approach than in  for the following reasouns.
It is nown that the stability function of the 1 method of order p =7
cannot be A-stable for any compare 16 so that the approach of  would
not lead to type 2 I I s which are A-stable. The situation is different
for p =8 where =02 7 16 corresponds to the I method which
is A-stable and L-stable compare again 16 . owever such a parameter

is unique while the approach used with the function of the form .5

leads to an entire interval for the suitable parameter . ince we can only
compute appro imations to I I s with desired stability properties we



believe that the new approach to the construction of type 2 methods is more
robust than the approach presented in

The ob ective function corresponding to type 2 methods ta es

the form
= P p* .6
where , =12 ,and , =12 are appropriately chosen
points in the comple plane. Assuming again that and  are uniformly
distributed on the unit circle and that 1 we obtain a system
of 1 2 2 equations
1
.7

= , where p* is the coe cient of in p*

on tructiono 1 t nr 1 d ro
i tion tot on nti unction
In this section we will describe the construction of A-stable and L-stable

generalized appro imations to e p 5. We will loo for appro imations
of the form

* *

p* =1 P P 1

where p*  and p*  are polynomials of degree less than or equal to . Let

Pt = P’ =12
ince p* corresponds to the method of order it follows that 5
p*ep = .2
which leads to the system of 1 polynomial equations for the parameter
and the coe cients p* of p* , =1 2. Assuming that
pt =0 =56



= T7or = 8 and solving the system corresponding to .2 we can e press
the remaining coe cients p* , =01 2 ,and p* , =12 , in
terms of . These e pressions are not reproduced here. The parameter
can then be chosen in such a way that the polynomial p* is A-stable.
nce this is done the corresponding function p* will also be L-stable
since p* =p* =0.
The polynomial p* has a root = 0 of multiplicity 2 and to
assure A-stability the remaining two roots * and *  should satisfy
* 1 =12
for e 0. It can be veri ed using the chur theorem 18 that the
condition . is satis ed for
0 2586 027688 8
if p =7 and for
017 08 0201 6 62
if p=8. We will choose =1 50 forp=7and =15 for p=28. The
corresponding functions p* ta e the form .1 with

10228158 6 786 050101

*

p = 1708 8 75 68 5 75000
21 0102801 28 6 757
1 6718750000 1 6718750000
. 75710268 6 0 80 68 7
p T 1768750 68 5 75000 10156250000
and
. 2 7 267 1028 7 01687
p 1250 7500 2187500 26250000
. 1517 168 5560 717 1
p - 1250 7500 6562500 8750000
respectively. a ing the substitution = 1 the polynomial
* _ P
p 1



can be rewritten as

*

P = P P
with
. 175071 1267760 2 28 782161
p - 17 68750 17 6875000 1708 8 75000
20 1882 1 0 518088 8 2 27
85 218750000 21 62 0 68750000
0 728 516115 7 1078 7055 7
21 62 0 68750000000 1 51 0 2 687500000
. 5710268 172078667 2875 22 877
p ~ 717 68750 8828125000 12817 8281250
186 77 177 50 712 052
256 7656250000 272 60 7500000
77 2278 0 6 7 17 1508 121 68
15527 750000000 50067 01611 2812500
if p=7and
. 16071 50 707 2
p - 1250 2187500 1562500
716705 10006 1 1162677
1 1250000 16 062500 27 75000
25 922 201
5126 5 125 585 750000
. 1517 2222 87 2 78
p - 1250 2187500 2812500
5650661 1 1071 2 52 6
1 1250000 16 062500 1171875000
2 10 27871 67
168 750 10156250000

if p =8.



t ur ini 1 tion

As was noted above, the determination of the coe cients of higher-order
I 1 s is of increasing di culty. When we attac ed this problem for
p 6, rst the approaches employed for p 6 were used again. nly the
least squares approach based on .2 and .6 was producing coe cient
vectors that had a somewhat though insu ciently small residual . owever,
an e cessive amount of function evaluations was necessary even to produce
these unsatisfactory results. e t, a number of methods not utilized before
were tried to minimize .2 and .6 or to solve the systems . and
.7 . ased on the e perience gathered a choice was made to use the
rather sophisticated algorithm available in 2G and 2G . These are
nonlinear least squares routines available in TLI T, the public
part of the T library 21 . They are new versions of the original code
L2 L 10,11 . A description of the improvements can be found in 1. In
particular, the least-squares problem is considered with additional bound-
constraints on its variables as proposed in 1
The least squares solution in L2 L was developed as a generalization
and improvement of standard approaches such as the Levenberg- arquardt
in and from I A which we had used for p 6.
peci cally, section 8 in 10 contains a comparison with the latter. 2G
without bound constraints and 2G utilize adaptive quadratic model-
ing. pecial problem structure is e ploited by maintaining a secant appro -
imation to the second-order part of the essian of the ob ective function
. The program switches adaptively between a Gauss- ewton and an aug-
mented essian appro imation where the Gauss- ewton steps are computed
from a corrected seminormal equation approach. If we write any of the non-
linear least-squares functionals in the generic form

and denote the acobian of by , then the essian of is

and the Gauss- ewton model at the iterate = is
1
q T2
1
2

10



In L2 L one adds an appro imation to the difference between this and
the standard quadratic Taylor model of ewton s method to obtain another
model

N =N =

To update a straightforward modi cation of the ren-Luenberger self-
scaling technique 20 is used. inally, the choice which of the above models
to use is intimately related to the trust region approach utilized to pic
which has the form

where is the current appro imation of the essian, a diagonal scaling
matri , and 0 is chosen by the same procedure asin 1 . ore details
can be found in 11, 1. The code is much larger and more comple than
standard least squares programs but has proven to be very robust and at
the same time reasonably e cient.

In a rst phase of the solution process a search was performed e ecut-
ing a suitable ma imal number of iterations, typically 1000 5000 for each
of a small number 10-15 of starting points with coe cients uniformly dis-
tributed in 1 1. Those points that had a small -value and not too large
components were subsequently improved. or the initial phase the problems

.2 or .6 led in general to a more effective reduction of the residual. In
the second phase, however, it occasionally happened that 2G termi-
nated prematurely when applied to .2 or .6 . Then, a perturbation that
led to a continued decrease of the residual, was accomplished by switching
between the functionals .2 or .6 and . or .7. This way, in all
cases solutions with su ciently small residuals could be found. The bound-
constraints in 2G  were mainly used to e clude solutions with unduly
large components. ever was a nal solution computed which had one of
the bound constraints active.

irst, the T routines 2 were used which employ a simple

nite difference appro imation of the acobian of . They were found not to

yield satisfactory results and instead a high-order numerical differentiation
provided in L 2 1 was used in the routines 2G . Alternatives
would have been to code the e act derivatives asin 1 or to use automatic
differentiation, for e ample, A I 2 . The numerical differentiation in
1 uses si th-order e trapolation, speci cally ichardson e trapolation of

11



three values of the symmetric difference quotient with a relatively large
stepsize. ince the ma imum of seventh partial derivatives on which the
optimal stepsize depends is un nown, it is replaced by 1 in the formula
for this stepsize, namely

= (025 macheps

The gradient vector = of a function is then ap-
pro imated through the following algorithm.

or =11 do
= 1

|
N
DO

— 0 2 5
enddo

ere, denotes the -th unit vector.

This numerical differentiation procedure produced errors in the last sig-
ni cant solution components when compared with e act differentiation on
a large number of optimization test problems solved by L 21

With the techniques described in this section solution to the least squares
problems were obtained which satis ed quality criteria de ned for the spe-
ci ¢ problem at hand and outlined in ection 6. While these solutions did
not have zero residuals their quality as coe cients of high-order I 1
methods was deemed quite satisfactory and while attempts, for e ample,
through use of e tended precision computation to further decrease their
residuals were made, they will not be reported here. The additional effort
spent does not seem to be usti ed for our purposes.

o I I ot 1 nd

We present below the e amples of type 1 I 1 s of order p = 7 and

p = 8. As e plained in ection 5 the coe cients and  were computed
by the T library routines 2G and 2G appliedto .2 and .6
or . and .7 and then represented in the rational form by using the

12



AT ATT A function with = or = and
=10 . The consistency condition = 1 has been lost because of
the rational appro imations and hence, in any practical use of the methods,
one of the  should be found numerically in terms of the others to ensure
that consistency is e actly maintained. The coe cient matri was then
computed using the formula 2. , where the matrices , , and cor-
respond to the vectors with components uniformly distributed on the unit
interval 0 1, that is

The matri is not displayed here.

To measure how well the derived methods appro imate I I s with
given stability properties we compared stability polynomials p and
P of the methods listed below with the stability polynomials p*
given by .1 for type 1 methods and with p* given by .5 for type
2 1 1 s. To be more speci c, we monitored for type 1 methods the size
of the coe cients of the polynomials p , =2 , and the relative
errors of the coe cients p  of the polynomial p . These polynomials are
de ned in ection . This information is re ected in the following vectors

and

where p* =1 , =01 . imilarly, for type 2 methods we moni-
tored the size of the coe cients of the polynomials p , = , and
the relative errors of the coe cients p and p of the polynomials p
and p . These polynomials are de ned in ection . This information is
re ected in the following vectors



where p* are the coe cients of the polynomials p*, = 1 2, de ned in
ection
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nto t t od

ven though the methods derived here have not yet been sub ected to nu-
merical testing, it is possible to say something about their li ely performance
in comparison with standard methods. We will consider, in particular, the
type 1 method of order 8 derived here and attempt to assess it in comparison
with the 12 stage e plicit unge- utta method of the same order derived
by ormand and rince 8 15. a ing an appropriate rescaling to
compensate for the differing numbers of stages, it is found that the stability
regions are almost identical. It is not possible to compare error constants for
the two methods since, in the case of 8, this is problem dependent.

owever, using the canonical test problem = ., we can compare the
wor to produce equivalent errors. It is found that from this point of view
the two methods are again very similar the scaled wor for the 1 1

method is appro imately 6 greater than for 8.
These comparisons indicate that the order 8 type 1 I I isli ely to
have at least comparable performance to 8. owever, the fact that the

stage order of the I I method is ¢ =p = 8, suggests that this method
will actually have several advantages. Without any additional computation
in a step, order 8 interpolation is possible as is an asymptotically correct
error estimate. These two properties are not achieved for 8. It is also
believed that the higher stage order will ma e the I I method more
successful for mildly stiff problems.

As we have remar ed, from the point of view of truncation error, at
least for constant-coe cient linear problems, the 8and the I 1
methods are more or less equivalent. owever, the fact that there are 12
rather than 8 stages in 8 means that failed steps will cost much more
for the unge- utta method. ence, for problems where such failures can
arise, the I I is to be preferred.

At rst sight, the multivalue nature of the I I method creates
implementation di culties that do not arise for unge- utta methods. This
especially applies to the need for starting and stepsize changing algorithms.
In a paper now under preparation, , it is shown how stepsize changing
can be carried out in an ine pensive manner without loss of stability. As for
a starting method, this can be avoided by constructing a variable stepsize
algorithm ma ing use of type 1 methods that are now nown from orders
1 up to the orders 7 and 8 methods announced in the present paper. The
crucial elements of such an algorithm are all present because it is not only
possible to estimate local truncation errors for each method in the sequence,
but it is possible, without e tra stages, to estimate the truncation errors for



the ne t higher, and of course ne t lower, members of the sequence.

imilar comments apply to I I s of type 2. Without any additional
computation in a step interpolation of order p = g is possible as is an asymp-
totically correct error estimate. The problem of starting the integration can
again be avoided by construction of a variable-step variable-order algorithm
starting with a method of order one.  oreover, since these methods have
stage order g equal to the order p they will not suffer from order reduction
phenomenon while integrating stiff systems of s as do formulas of low
stage order such as, for e ample, 1 methods.

onc udin r r

We described the approach to the construction of I I s for the numer-
ical solution of s. These methods form a subclass of general linear
methods and have a considerable potential for e cient implementation. We
constructed both type 1 e plicit and type 2 implicit methods which are
appropriate for nonstiff or stiff differential systems, respectively, in a se-
quential computing environment. These methods were obtained using the
approach based on least squares minimization with the aid of state-of-the-
art T library routines 2G and 2G . The e amples of e plicit
and implicit methods are presented of order p and stage order g equal to
p=g¢q="Tand p =g = 8 The e plicit methods have the same stabil-
ity region as polynomial appro imation to the e ponential function of the
same order. The stability function of the implicit methods is a generalized
appro imation to the e ponental function which is A-stable and L-stable.

This paper deals only with the construction of high order I I s
of type 1 and 2 with prescribed stability properties. We are, however,
well aware that various implementation issues related to these methods are
equally, or perhaps even more important than construction, and may in u-
ence the choice of appropriate formulas. These implementation issues such
as local error estimation, strategies for changing the stepsize and order of the
methods, and construction of continuous interpolants are treated in recent
papers , 8, 17, and 22 . The choice of starting procedures is considered
in 22. ote that we envisage that I I s would be used in a variable
order implementation, and in such a case, the need for a speci ¢ starting
method for each order is eliminated.

Ac no led ent. We would li e to e press our gratitude to the anony-
mous referee for constructive criticism which helped us to improve the pre-
sentation of some parts of the paper.
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