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Abstract

Some of the most challenging eigenvalue problems arise in the stability analysis of solutions
to parameter-dependent nonlinear partial differential equations. Surface tension gradients along
the free boundary of the float-zone in crystal growth give rise to a stationary thermocapillary
convection. Loss of stability leads to undesirable material imperfections. Stability analyses em-
ploying both energy and linearized theory are employed. In each case complex, large, and sparse
generalized eigenvalue problems have to be solved. Methods for their solution are proposed and
the numerical results are compared to experimental results.

1 Introduction

The float-zone crystal-growth process is a containerless method for producing high-quality electronic
material in which a rod of the material to be refined is passed through a type of heater, producing a
zone of molten material that is held in place by surface-tension forces, cf. Figure 1 . The requirement
that surface-tension forces alone support the weight of the molten zone makes the process unsuited
for use with certain materials (notably gallium arsenide) in terrestrial environments. Consequently,
there has been a great deal of interest in exploring the microgravity environment of space to grow
larger crystals of electronic material using the float-zone method [7, 24, 29].

Along with the reduction in weight provided by a microgravity environment comes a reduction
in any convection in the melt induced by buoyancy. At one time, it was believed that buoyancy
induced convection was responsible for the appearance of striations observed in float-zone-grown
material. If this were the case, then one might also expect to produce better material in a microgravity
environment. Associated with the float-zone process, however, is another type of convection which will
not vanish in space, namely thermocapillary convection, driven by temperature-induced surface-tension
gradients along the free surface of the melt, cf Figure 2.

In fact, it has been widely speculated that the instability of this convective mode is responsible
for the appearance of the observed striations. The desire to utilize the unique environment of space
coupled with these observations has led to a significant body of research associated with the stability
of thermocapillary convection in models of the float-zone process.

Hydrodynamic stability theory is concerned with determining the conditions under which a certain
flow, called the basic state, will remain stable or become unstable due to the inevitable presence of
unknown perturbations. In general, these perturbations are governed by nonlinear partial differential
equations. For a general reference on stability theory we refer to [9]. Linear-stability theory assumes
the perturbations to be infinitesimally small and neglects the nonlinear terms in comparison with their
linear counterparts. This theory is local in nature and results in a criterion which guarantees growth
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Figure 1: The float-zone crystal growth process

of these small disturbances. Typically, an externally controllable dimensionless parameter, say R, is
selected and linear theory yields a value Ry, such that R > Ry is a sufficient condition for instability.

Energy stability theory, on the other hand, adopts a global approach by examining the behavior
of a generalized integral disturbance-energy. Unlike linear stability theory, energy-stability theory
provides a value Rg such that R < Rpg is a sufficient condition for stability of a given basic state
to disturbances of arbitrary amplitude. This technique is equivalent to a stability analysis utilizing a
Lyapunov function. The application of either theory gives rise, in general, to an eigenvalue problem.

If Rg and Ry, should coincide, a rigorous stability bound is obtained. However, this is usually not
the case and the proximity of Rg to Ry is a function of the physical mechanism that gives rise to
the instability. Two such mechanisms for which Rg and Ry may be expected to be relatively close to
each other are buoyancy and thermocapillarity.

Experimentally, it has been shown by Preisser, Schwabe and Scharmann [23], among others, that
thermocapillary convection in a model of the float-zone process undergoes a transition from steady
to oscillatory convection when a dimensionless parameter known as the Marangoni number exceeds a
particular value, the other parameters held fixed. The geometry employed by Preisser et al. is termed
a half-zone because it 1s meant to simulate the lower half of an actual float-zone. It consists of a pair of
coaxial, solid cylindrical rods, oriented vertically, with a bridge of liquid material suspended between
them. The rods are heated differentially, with the upper rod being at a higher temperature than the
lower one. Buoyancy, therefore, plays a stabilizing role in the experiment since the liquid is stably
stratified due to temperature in the axial direction. The basic state of thermocapillary convection
that results consists of a single toroidal eddy with motion on the free surface in the direction from the
hot cylinder toward the cold one.

Motivated by the above work, Shen et al. [26] undertook a stability analysis of a half-zone of O(1)
aspect ratio, employing energy-stability theory rather than linear theory. Their results, computed
primarily for Prandtl number Pr = 1, compared favorably with the experimental results of Preisser
et al. However, their analysis had made the simplifying assumption of permitting only axisymmetric
disturbances, while the oscillations observed by Preisser et al. were clearly nonazisymmetric and for
a material with significantly larger Prandtl number.

Computations for general disturbances were undertaken by Neitzel et al. [20]. The numerical
method is described in [16]. Fortunately, experiments performed by Velten, Schwabe and Scharmann
[28] for K C! provided results for unit Prandtl numbers that eliminated the need to attempt the more
difficult calculations for larger Prandtl numbers. These newer energy-theory results are in excellent
agreement with the experimentally determined onset Marangoni numbers in order of magnitude, al-
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Figure 2: Thermocapillary convection in the float-zone

though the azimuthal structure emerging from the energy theory does not (and should not necessarily)
agree with that observed experimentally.

The paper [19] completed the stability picture for the finite half-zone with a non-deformable free
surface by calculating linear-stability limits for this basic state. The numerical method is described in
[15]. The degree of closeness of the linear- and energy-theory results provides a bound for the region
of parameter space possibly subject to nonlinear instability. The results show that the energy bound
is less than the linear bound, but both are of the same order. The result would be consistent with
subcritical Hopf bifurcation. To determine if, in fact, this is the case, additional computations would
have to be done (cf. [9]). This may be done in future work. Since, furthermore, both bounds do not
correspond to axisymmetric modes, symmetry of the basic state appears to be broken.

In this paper for the first time both the energy and linear approaches are outlined and exemplary
numerical results are quoted. For other recent work on this subject, see, for example, [12, 13, 14].

2 Basic state

The basic state of interest is one of swirl-free thermocapillary convection in a model half-zone of O(1)
aspect ratio. The flow and temperature fields are two-dimensional and must therefore be obtained
numerically for the nonlinear cases of interest. We model the liquid zone as a Newtonian, Boussinesq
fluid and choose scales for length, velocity and pressure to be R, v(Tg — Te)/p, and v(Ty — Te)/ R,
respectively. The quantity p i1s the dynamic viscosity coefficient and v > 0 is the rate of decrease of
surface tension o with temperature, as defined by ¢ = o, — (T — Tp,), where T,,, = %(TH +Tc) is
the mean temperature of the two solid cylinders and o, is the surface tension at temperature T,,.
The velocity scale is the Marangoni velocity obtained by balancing the surface-tension gradient along
the interface with the jump in shear stress. A dimensionless temperature 1s defined by

T—"Tnm
0= _——.
Tw —Tc
The resulting dimensionless governing equations for the velocity U = (U, V, W), pressure P and
temperature fields are
1 1
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The basic state velocity of the axisymmetric basic state satisfies (2.1), (2.2), (2.4), (2.5) with all terms
involving V',  omitted. The three dimensionless parameters which appear are:
Ty —Tc)R
Reynolds number Re = u,
7
ga(Ty — Te)R?
2
. Ty —Tc)R
Marangoni number Ma = u,
LK
where ¢ is the gravitational acceleration, « is the coefficient of volumetric expansion and the con-
ventional subscript notation has been used to denote partial differentiation. The Prandtl number is
obtained from the quotient Ma/Re.

We assume, as a first approximation, that the free surface is not permitted to deform, and so is
fixed at r = 1. This corresponds to requiring that the volume of liquid in the half zone is #I" and that
the mean surface tension, o,,, is asymptotically large. The boundary conditions applied to complete
the problem specification are:

Grashoff number Gr =

bl

1
U = W=0 |, @:—5; z2=0 (2.6)
1
U = wW=0 |, @:5; z=T (2.7)
. i
U = 0, U, +W,=-0,, —P+2Ur_m, (2.8)
O, = Bi[©@ —0,(z2)]; r=1
U = W,=0,=0;, r=0. (2.9)

Equations (2.6) and (2.7) express the kinematic and no-slip conditions and the requirement of isother-
mal surfaces, while (2.8a) is the kinematic condition on the free surface. Equations (2.8b,c) represent
the shear and normal-stress balances. Symmetry conditions at the axis of symmetry are given by (2.9).
The additional parameter appearing in (2.8d), which models the heat-transfer mechanism at the free
surface, is the Biot number, Bi = hR/k where h is a heat-transfer coefficient and k is the thermal
conductivity of the liquid. Since h may vary with z, in general, Bi = Bi(z). This simple conductive
mechanism for heat transfer between the liquid and the external environment (at specified temperature
©,(z)) was adopted for consistency with the work of Xu and Davis [29]. For the majority of the cal-
culations O4(z) = —1/2, i.e., the environment was assumed to be at a constant temperature equal to
that of the cold cylinder at z = 0. Condition (2.8¢) contains the capillary number Ca = (T — T¢)/
0m which vanishes in the limit of a non-deformable free-surface. Hence, this condition is not required
in the present analysis.



The numerical solution of this problem is accomplished by first transforming the axisymmetric
equations to a stream-function/vorticity form, thereby eliminating the pressure. The stream function
¥ and vorticity ¢ are defined by

1 1
U:_\Ilza 7 :__\ij‘a C:Uz_[[f'a
r r

and the problem to be solved transforms to

2
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with boundary conditions
1 1

¥ =0, C:;\Ilzz, @::FE; z=0,T, (2.13)
UV=(=0,=0; r=0, (2.14)
=0 (=0, O, = Bi[0 — 04(2)]; r=1. (2.15)

These equations are solved using a modification of the predictor-corrector multiple iteration tech-
nique employed successfully by Neitzel [18] to study centrifugally unstable flows in cylindrical geome-
tries. For results of the basic state computations and comments, we refer to [26].

3 Energy-stability analysis

We begin the energy-theory analysis of the basic state in the usual fashion, by deriving the energy
identity. We assume there exists a solution [u, p, T to the governing equations (equation (2.1), plus
the unsteady analogs of (2.2)—(2.5), which is a perturbation to the axisymmetric basic state, i.e.,

[u,p,T] = [U(r,2),0,W(r,2), P(r,z),0(r,2)] (3.1)
+[u' (7,0, 2,t),0'(r, 0, 2,8), W' (r,0, 2,1),p'(r,0, 2,1), T'(r,0, 2, 1)].

Substitution of (3.1) into the governing equations and boundary conditions leads to a system of
equations for the disturbance quantities. We then take the inner product of the disturbance momentum
equation with u’, add to this the disturbance energy equation multiplied by APr7”, and integrate over
the volume

V={(r6,2]0<r<1,0<0<2n, 0<z<T}

occupied by the liquid, using the disturbance boundary conditions. The result is the exact disturbance-
energy evolution equation

dE 1
= = PrD—Mal +PrJ, E= 5/ (0 - + APrT"?) dV, (3.2)
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and S is the free surface r = 1. The velocity and temperature disturbances have been joined by a
positive coupling parameter A [10] to form a generalized disturbance energy, F, and the quantity D
in the production integral I is the symmetric basic-state deformation-rate tensor,

U 0 $(U.+W,)
r
W

Employing the reformulated energy theory of Davis and von Kerczek [5], equation (3.2) is divided
by the positive-definite functional £ and an upper bound is constructed for the resulting right-hand
side, viz.,

1 dE —PrD — Mal + PrJ
< d al + r), (3.3)

E

where the maximum is taken over the space of kinematically admissible functions,
H:{ul,TlluI:leoatZIO,F; UIIOatr:O’l; V'UIZO},

We choose to formulate the problem so that the Reynolds number is the stability parameter. For
fixed values of the other parameters associated with the problem, the smallest value of Re which
corresponds to the condition v = 0 will be called Re*(}).

The cylindrical geometry allows a Fourier decomposition in the azimuthal coordinate of the form

u'(r,0,2,t) — u(r, z,t)ema + u*(r, z,t)e_m'g,

where n is the azimuthal (integer) wavenumber and * denotes complex conjugation.

Since A is a free parameter, the maximum value of Re* for positive values of A is sought [10], while
a minimization has to be carried out with respect to n. The resulting value is the energy-stability
limit, Reg, defined as

Rer = minmaxRe*. (3.4)
n  A>0
In many analyses, the search for this maximum is not performed. Rather, the variable A is arbitrarily
set to some value, say A = 1, and the result is accepted as a lower bound to the actual energy-stability
limit. It will be seen that, for the problem of interest here, the effort necessary to determine Reg is
extremely worthwhile.

Typically, Re* is calculated by treating the Euler-Lagrange system which arises from the maximum
problem in (3.3). However, the basic state, which appears in the coefficients of these equations, is
known only numerically. Thus, we choose to approach the calculation of Re* by directly treating the
functional v in 3.3. It is convenient to consider a slightly different functional which incorporates the
divergence constraint by means of a Lagrange multiplier. Hence, the maximum problem to be solved
is expressed as

mhax[Pr(—D —Rel +J) + 2/ aV-u'dV +v(E-1)] =0, (3.5)
v
where v is a Lagrange multiplier expressing the arbitrary normalization £ = 1, n(r, z) is a Lagrange
multiplier, and h is the extension of H obtained by removing the divergence constraint. It is easy
to show that v = v. Thus, since the stability condition is given by v = 0, we are interested in the
variation of the quadratic functional

F:Pr(—D—ReI+J)+2/ oV -u'dV. (3.6)
v
A discrete version of this functional follows in an obvious way. A grid system, which divides the flow
region into N rectangular subdomains, is chosen. The unknown values of the disturbance velocity
and temperature at the intersections of the grid are denoted by w; ;, v; j, w;; and T; ;. Since the
Lagrange multiplier 7w plays the same role as the fluid pressure, a staggered grid is employed for it; the



unknown values of 7 at the intersections of its grid are denoted by mj ;. The various derivatives in the
integrals of F' are replaced by finite differences. The integrals are approximated on each subdomain
by finite summations using the disturbance boundary conditions, where applicable, and finally the
discrete version of the functional, Fp, is formed by summing over all N subdomains. We refer to [26],
where details are given in the two-dimensional case, and to the appendix in [20].

A stationary value of Fp is located by differentiating it with respect to each unknown and setting
each of these derivatives to zero, i.e.,

0Fp
qn

=0, qn=1wuij, vij, wij, ¢ij Or Tg,. (3.7)

This process yields a generalized algebraic eigenvalue problem. We seek the minimum positive
eigenvalue of this system as the approximate (subject to discretization error) value of Re*. Calling
the vector consisting of the unknowns on all grid points X, we rewrite (3.7) in the matrix form

AX = pB(Re)X, (3.8)

where A and B are indefinite, Hermitian matrices with A having a banded structure and B depending
on the basic-state deformation-rate tensor D. The fact that the matrices are Hermitian is due to the
derivation from the variational problem (3.5). The dependence on the basic state, which depends
in turn on the Reynolds number Re, complicates the calculation of Re*. For a given value of Re,
denote the smallest positive eigenvalue of the generalized eigenvalue problem (3.8) by p*. If p* # Re,
then a new Re is chosen, the basic state recomputed, and the eigenvalues recalculated. This process
is repeated until p* = Re, in which case, Re® = p*. This, of course, assumes all other parameters,
including the coupling parameter A, are fixed, necessitating further computation to find Reg according

to (3.4).

4 Linear-stability analysis

The stability analysis of the basic-state velocity, U(z), temperature, T'(z), and pressure, P(z), fields
begins in the usual fashion by assuming there exists a solution to the Boussinesq equations of the form

q(z,1) = Q(z) + ¢'(=,1)

where ¢ refers to any flow quantity (i.e., velocity, temperature or pressure), a capital letter denotes
the basic state and a prime is used to denote a disturbance. Substitution of the solution into the
Boussinesq equations and linearization in disturbance quantities leads to the linearized disturbance
equations (dropping primes):

1 1 2

Re[us + Uuy + wU, + Wu, + wU,] = —p, + [;(ru)r] + 2y + U,y — 2l (4.1)
Uv 1 1 1 2 .
Re vt + Uvr + sz + T:| = _;ptp + I:;(rv)r] . + r_2'ULpr + Uiy + r_2utpa (42)
Gr 1 1
Re[w: + Uw, + uW, + Ww, + wW.] = —p. + %6’ + ;(rw)r + r_zwtw + w,,, (4.3)
1 1

Malf; + U8B, +uT, + Wb, + wT,] = ;[rﬁr]r + r_26W + 0., (4.4)

(ru), + v, + (rw), = 0. (4.5)
In equations (4.1)-(4.5) we have scaled velocities by yAT/u, pressure by yAT/R, temperature by
AT, and time by Ru/(yAT), where AT = Ty — Te, 7 is the (positive) rate of decrease of surface

tension with respect to temperature, and p is the coefficient of dynamic viscosity of the liquid in the
zone. The disturbance temperature is denoted by 6.



The boundary conditions which complete the specification of the problem are
u=v=w=0=0, z=0,T, (4.6)

u=w, +6, =v, —v/r+0, =6, +Bif =0, r=1, (4.7

in addition to the requirement that all flow quantities remain bounded at r = 0.
In view of the linearity of (4.1)—(4.5) and the fact that the coefficients depend only on r and z, we
make use of Floquet theory and normal modes to write all flow quantities as

q(r, ¢, 2,1) = ¢"(r, z) exp(ot + imyp) (4.8)

where 0 = o + io7 is the complex growth rate and m is restricted to be an integer. Again, we refer
to [9] for more details. Marginal stability corresponds to the condition o = 0. The form (4.8) is now
substituted into (4.1)—(4.5) and the boundary conditions. A discrete version of the resulting problem
is a complex, generalized eigenvalue problem of the form

Az = 0Bz, (4.9)

where x is the vector of unknown velocity, temperature and pressure values at the nodes of the
appropriate grid.

The corresponding eigenvalue problem from the energy-theory analysis of this basic state was,
at worst, complex-Hermitian (in addition to being indefinite and sparse), whereas (4.9) has no such
symmetry. An additional complication, which also existed as part of the energy-stability analysis, is
the fact that the basic-state velocity and temperature fields depend upon the stability parameter, Ma
(equivalently, Re). For the energy-theory calculations, this required an additional level of iteration to
obtain the energy limit, Mag. Since we formulate the problem with o as the eigenvalue, our procedure
is to fix the Prandtl, Grashof and Biot numbers as well as the azimuthal wavenumber m and calculate
the eigenvalue of system (4.9) with largest real part, call it o, for various values of the Marangoni
number. The Marangoni number Ma® corresponding to ¢}, = 0 is the value above which infinitesimal
disturbances of azimuthal wavenumber m will grow. The linear-stability limit, Mag, (Pr, Gr, Bi), is
therefore given by

May (Pr, Gr,Bi) = H}%nMa* (Pr, Gr, Bi; m). (4.10)

5 The numerical method-energy stability

Equation (3.8) represents a nonlinear generalized eigenvalue problem. The matrices A and B are
symmetric and sparse, but, in general, indefinite. In addition to the basic-state dependence of B
mentioned above, A and B depend on the other parameters of the problem, namely, Pr, Gr and the
coupling parameter, A. We first address the case that all these parameters are fixed, reducing (3.8) to
the generalized eigenvalue problem

AX = pBX, |X]| =1, (5.1)

where || - || denotes the Euclidean norm.

The eigenvalues p of (5.1) may be real of either sign or be complex-conjugate pairs. To each null
vector of B corresponds an “infinite” eigenvalue (at least N of these are known to occur), while the
null vectors of A yield zero eigenvalues. Standard linear-algebra software packages provide implemen-
tations of the QZ-algorithm for eigenvalue problems of the form (5.1). These packages compute all
of the eigenvalues of the system (our stability result requires only a single eigenvalue), do not exploit
the sparseness of A and B and are therefore suitable only for relatively coarse discretizations of the
underlying continuous problem. The method adopted for the present computations makes use of both
the symmetry and sparseness of A and B and computes only the eigenvalue of interest—the smallest,
positive one.



The algorithm of choice for finding a single eigenvalue of (5.1) appears to be some form of inverse
iteration. The technique used here is a generalization of that employed by [2] in the program PLTMG
for the simpler problem of finding the smallest eigenvalue of a positive-definite matrix. For this a
starting vector Xg, [|Xq|| = 1, is needed. Initially, this inverse iteration process is started with a
random vector. Subsequent iterations use previously computed eigenvectors corresponding to nearby
parameter values. A first approximation for p is obtained through the Rayleigh quotient

po = XTAX,/XIBX,. (5.2)

In the unlikely event that the denominator is zero, a different Xy has to be chosen.

Given this initial pair Xy and pg, the inverse iteration procedure is performed as follows:
Y-Y'X

1. Solve (A — sB)Y = (pxB — A)Xj and define Y = _7_Tk
1Y =Y X4l

2. Form Q = [X,|Y] and solve the 2 x 2 problem
Q"AQZ = 7Q"BQZ

for the eigenvalues 71, 75 and associated normalized eigenvectors Z,Zy. Without loss of gener-
ality let m be the smallest positive eigenvalue.

3. Set pry1 = 11, Xky1 = QZ; and check for convergence. If not converged, increment iteration
index k and repeat.

Several remarks are in order on the above algorithm. The quantity s is a positive real number
which has to be closer to the desired eigenvalue than to any of the other eigenvalues. While, in
some applications this “shift parameter” may have to be adjusted during the computation in order
to satisfy this requirement, this was not necessary in the present case. Earlier computations with
the @Z-algorithm for moderate-size problems had shown that, for the cases considered, there were
no complex-conjugate pairs that were smaller in modulus than p*. Also, the negative eigenvalue of
smallest modulus was similar in modulus to p*. It was thus relatively easy, with some rough knowledge
of p*, to find a value for s.

The eigenvalue problem in step 2 is basically an orthogonal projection of the original problem into
the subspace spanned by the columns of Q. Simpler inverse iteration algorithms are indeed available;
however, their application to the present problem did not yield satisfactory results. In general, of
course, this 2 x 2 eigenvalue problem may have complex eigenvalues, as well as real ones. While several
precautions for this and other cases were put into the program, they will not be described here, being
a rather technical detail. Eventually 7 will be positive and approximate p* while QZ; approximates
the associated eigenvector. X1 and pg41 are related through the Rayleigh quotient (5.2).

While steps 2 and 3 need no further explanation, the solution of the linear system in step 1
represents a nontrivial problem. The matrix on the left is symmetric but indefinite. The newest
version of the FORTRAN subroutine SYMMLQ, part of the NAG library, was used. It applies a
conjugate-gradient method and permits preconditioning by a positive-definite matrix. No attempt
was made to find a near optimal choice for the preconditioner. In all computations it was taken as the
diagonal matrix with the i-th element equal to the Euclidean norm of the i-th column of the matrix
A — sB.

The convergence of the above inverse iteration procedure is linear with a factor asymptotically
equal to

L A
S — pn

|<1

where p, is the next nearest eigenvalue of (5.1) to s. Choosing s close to p* will thus speed up
convergence of the inverse iteration while, in general, requiring more conjugate-gradient iterations for
the nearly singular system matrix. The essential computational requirement per conjugate-gradient
iteration is one matrix-vector multiplication with the system matrix.



In addition to this method for solving the eigenvalue problem, two outer iterations are needed to
determine the energy-stability limit Mag. The requirement that p*(Ma) = Ma suggests a fixed-point
iteration. The second requirement, that Mag is found as the maximum of all these p* with respect
to A suggests an optimization procedure. No attempt was made to simultaneously attack both these
problems. Both possibilities of a successive solution were used, the fixed-point iteration as either an
inner or outer iteration. In the first case, say, when X is temporarily fixed, the following would be the
well-known Picard iteration

AXk+1 :pk-}-lB(pk)Xk-}-l; k= 0,1,2,... (53)

where pry1, Xg41 1s the solution found through the inverse iteration procedure defined above. This
iteration will only converge if |¢'(Ma*)| < 1, where ¢ denotes the relationship between pg41 and pg
given through (5.3) and if started close enough to Ma*. A simple acceleration procedure due to [1]
was implemented to guarantee convergence:

(0) _

pk; = Pk,
p) = el ™)), i=12, (5.4)
(1) _ ()2
P — P
Pr+1r = Prt ((1%) )

(o) = o) = (07 = P

The sequence {pg} converges quadratically if ¢ is twice continuously differentiable and ¢'(Ma *) # 1.
For the sake of completeness we also outline how the maximization of Ma* with respect to X was
accomplished. Starting from an initial value A; and corresponding value p; (or Ma;) two additional
pairs of values are computed with their A-values in the vicinity of A;. Through these 3 points a
quadratic parabola is fit and the point corresponding to its maximum replaces one of the points.
The parabola need not have a maximum; in the event that a minimum occurs, some modification is
required. The details will again not be given here since they are straightforward. As is well known,
maximization through successive quadratic interpolation has a convergence order of about 1.3.

The iterative procedure described above provides a relatively efficient method to calculate Mag.
After computation of the first basic state, subsequent basic-state computations need fewer relaxations
if they are done for a convergent sequence of Marangoni numbers. Analogously, the inverse iteration
only requires several (more than 1-2) iterations when initiated, i.e., with the random vector Xg. Tt
is thus not surprising that the entire computation of Mag took only a few times the amount of work
needed for the first basic state and p*-computation. It should be noted that, to minimize inaccuracies
introduced by differentiation of basic-state quantities, the basic state was computed on a grid with
twice the resolution used for the stability calculations.

6 The numerical method-linearized stability

As shown above, the determination of the linear stability bounds May requires the solution of the
following eigenvalue problem

Ax = ocBx (6.1)
where A, B are N x N matrices, N = k 4+ [, which are partitioned as
[ A Ags _{ Bi1 0 .
A= < Agyp Aszz ) B= 0 0 (6.2)
Aq1, Bip € CFF Agy € CY where k is the number of velocity /temperature unknowns and ! the num-
ber of pressure unknowns. The matrices are derived from linearizing the boundary value problem for
the Boussinesq equations at the solution (basic state) for specific values of the parameters (Pr, Gr, Bi).

A is complex and non-Hermitian while By; is taken as a multiple of the identity matrix. If the real
parts of all eigenvalues are negative, the basic state is stable, and for increasing Ma that value Ma* has



to be found where for the first time an eigenvalue, to be called the critical eigenvalue in the following,
crosses the imaginary axis. Here, it is expected that this corresponds to a simple Hopf bifurcation
point [8]; that is, there will be exactly one complex-conjugate eigenvalue pair with nonzero imaginary
part that crosses the imaginary axis with nonzero speed.

There 1s a sizable literature on the numerical computation of Hopf bifurcation points; instead of
attempting to give a necessarily rather incomplete listing of works, we refer to a recent collection of
articles on bifurcation problems [17] in which several papers address this issue.

Generalized eigenvalue problems of the form (6.1), on the other hand, particularly if they arise
from applications as is the case here, have been studied thoroughly, and many contributions have been
made to their numerical solution. Again, we confine references to just one recent survey work [11]
which also includes an extensive bibliography.

Frequently, Hopf bifurcation points are detected during a continuation process. For this, in general,
all eigenvalues of (6.1) are computed, a procedure that is prohibitively expensive for large problems
(N > 10%). After the detection of a Hopf point, its precise location may be determined through
characterizing extended systems; see [27], [6] and the references therein. This technique has proven
to be useful for problems of moderate size while it is of limited use for very large problems.

From the literature dealing with the computation of Hopf points in flow problems, [4] shall be
quoted exemplarily. In this work, a relatively sophisticated combination of numerical techniques
was applied to a nontrivial hydrodynamic stability problem. One feature common to the numerical
approaches in [4] and many other works is the direct solution of the occurring linear systems of
equations. This feature still limits the size of the problems. The dimensions of the eigenvalue problems
solved are a few thousand. On the other hand, in [26] the iterative solution of these problems permitted
(in-core) solution of problems of dimension 10* — 105. From the experience with the related but
different computations of the energy stability bounds in [26], there was reason to hope that, also for
the determination of the linearized stability limits, a method of inverse iteration type would yield the
desired results.

If it was known in advance with which imaginary part 3 the critical eigenvalue crosses the imagi-
nary axis, then inverse iteration with shift 3 would allow detection of this Hopf point at least when the
computation is started in the stable range, not too far from the critical parameter value and continu-
ation in this parameter is employed. It is clear that, to safeguard the obtained results, computations
must be done with different values of #. Alternatively, generalizations of the numerical algorithm,
i.e., the Arnoldi method, must be used to compute more than one eigenvalue at a time as was done
for medium-fine discretizations. On coarse meshes all eigenvalues could be computed using the QZ
method. Then, Arnoldi [25] was used to compute 10-15 eigenvalues near that of largest real part.
Roughly, the computational work was greater than that for the inverse iteration used subsequently by
a factor equal to the number of eigenvalues computed.

Let s denote the shift that is usually anticipated to be purely imaginary with, say, positive imagi-
nary part 3. The following form of inverse iteration was successfully applied to the present problem.

(A —sB)dzy = (o B — A)xy, (6.3)
(zg +dxk);
Opp1 = ——
orl2r];
zi + 0z
m 77
htt [zg + dzk);

where [z]; denotes the component of the largest modulus of a vector z € C”. Here, zg was initially,
i.e., for the first Marangoni number used, chosen as a random vector and oy as 1. For a fixed shift,
convergence of both the eigenvalue and eigenvector approximations will in general be linear with a

factor
s—o*

<1 (6.4)

s— 0p



where 0%, 0, are the nearest and the next nearest eigenvalue to s. Also, faster convergence for the o
could be obtained by iterating with approximate left eigenvectors and using the generalized Rayleigh
quotient, cf; e.g., [11].

The essential computational work involved in the proposed method is the solution of the linear
system in (6.3a). The matrix C' = A — sB is complex and non-Hermitian. First, an equivalent real
system of order 2N was formed for the matrix

o~ (1 )

This system was then solved using the conjugate gradient method for the normal equations [22]. For
this the matrix C' was first scaled by multiplying the matrices A;; in (6.2) with appropriate powers of
the discretization parameters to balance C. Then, additionally, a diagonal scaling was used such that
the columns of C' had unit norm. Different preconditionings may well lead to a more efficient solution
method; several, however, were tried without yielding a substantial reduction in work. These included
outer-inner iterations utilizing the partitioning in (6.2) as, for example, in [3] for the Stokes problem.
Here, however, Aj; — sBi; is neither Hermitian nor definite. An incomplete LU decomposition was
used to precondition the inner iterations. Nevertheless, a higher efficiency is to be expected from an
adaptive multilevel approach such as hierarchical bases [3]. Instead, the finite difference discretization
given above was used on a fixed grid so that the results could be compared to the energy stability
results of [20], where the analogous discretization was used. Studies with various grid sizes suggest
that the error of the numerical results is well below 1%.

Instead of the normal equations, the system with C could have been solved directly by suitable
generalizations of conjugate gradients, such as biconjugate gradients, biconjugate gradients squared,
generalized minimal residuals, etc. No preconditioners could easily be found that made these methods
sufficiently efficient for the cases to be solved. While C' will not generally be exactly singular if
i # Im(c™), it will be nearly singular. Tt must also be noted that the values of Im(c*) were in the
range 1072 — 1071,

7 An exemplary numerical result

For detailed numerical results and discussion, we refer to our papers quoted below; similarly for details
on the experiences with the numerical procedures outlined above. However, at least one typical result
will be presented together with comparison values obtained in the literature.

We consider the problem wtih Gr = 0, Bi = 0, Pr = 1, T' = 1.2. For this case, according
to numerical results reported in [24] a three-dimensional simulation of the nonlinear flow problem
yields an onset of instability at the (rescaled) Marangoni number of 2250. Experimental results in
[28] indicated this value to be about 1030, while our energy and linearized analyses resulted in Mag
around 1400 [20] and May = 1820 [19]. For a discussion of the possible reasons for the discrepancies
in these bounds we again refer to the literature quoted.
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