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Abstract.- In [Ber-Mit] we have used rational functions with a fixed denominator (i.e.,
independent of the interpolated function) to construct interpolating linear projections with
slowly increasing Lebesgue constants for arbitrary interpolation points. Their drawback
was the relatively slow convergence of the interpolant as the number of points increases.
In the present work we demonstrate how the convergence can be dramatically improved
by limiting the degree of the denominator.
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Exponentially convergent linear rational interpolation
between equidistant (and other) points?

1. Introduction

In the numerical solution of many kinds of equations, one writes the unknown(s) as linear
interpolants, introduces the latter into the equations and determines the values at the
interpolation points by solving the resulting discretized equation(s). The error of the
approximation is then bounded by a multiple of the error of the interpolant to the exact
(unknown) solution of the problem.

Many interpolation schemes are linear projections, and their accuracy can be measured
by the following classical theorem [Pow, p. 24]:

Theorem 1.1

Let B be a finite-dimensional linear subspace of a normed linear space A, and let P be a
linear projection from A to B. Let f be fixed in A and d* the distance

d*:=min||f - b



of f to its best approximation in B.
Then the error of the approximation Pf to f satisfies the bound

If = PAIF <1+ [P (1.1)

|P|| is called the Lebesgue constant of the projection. The theorem implies that
any linear projection with relatively small Lebesgue constant onto a linear subspace that
approximates A well will approximate any function in A almost as well.

Here the spaces B will be interpolation spaces. Let zg,x1,...,2xy be N + 1 distinct
points (nodes) in some interval [a,b] C R, and fr := f(xx), & = 0(1)N, the values of the
interpolated function f at the nodes. Since we want to measure the interpolation error in
the maximum norm, we take A:= Cla,b]. In view of the linearity, our interpolant can be
written as

N
Pf=> filk(z),
k=0
where (i (z) is the projection of any function g with gi(z;) = di;. In exactly the same
way as in the special case of the polynomial the norm of P : A—B can then be seen to be
[Pow, p. 41]

N
IP|| = Ay := “%?gbkz—o IEME (1.2)

The constant Ay is attained, i.e., there are functions whose norm is amplified by Ay in
the projection. As usual in this context [Riv, p. 88|, we will consider triangular arrays of
interpolation points, where each row contains the points corresponding to a value of N.
In the case B=Py, the space of all polynomials of degree < N, many exact values
and precise bounds for Ay are known, see, e.g., [Riv] and [Sza-Ver]. If one can choose the

interpolation points in such a way that, once transferred to the circle with diameter [—1, 1]

by the application ¢ = arccos {bz—ax — 21’2} , they are nearly equidistant, then Ay growing

with N as slowly as %ln N + C can be attained. Moreover, in general, e.g., for equidistant
or randomly chosen points with uniform distribution on [a,b], Axy grows exponentially
[Tre-Wei|. Polynomial interpolation between such nodes is therefore useless for solving
equations.

To circumvent this difficulty, we have suggested in [Berl,Ber-Mit] to use linear rational
instead of polynomial interpolation, that is, to replace the fixed denominator 1 of the
polynomial by a denominator that depends on the interpolation points (but still not on the
interpolated function). In this way the linearity of the interpolation process with respect to
the interpolated functions is preserved. It is natural to choose the fixed denominator such
that the corresponding Lebesgue constant ||P|| is minimal, as we did in [Berl,Ber-Mit]. The
extensive numerical results of the latter work lead us to the following “conjecture”: there

exists a constant C' such that, for “almost all” interpolation points arising in practice, the



Lebesgue constant of the above optimal linear rational interpolation grows asymptotically
as Ay <C-InN.

The factor containing the Lebesgue constant in the error bound (1.1) does therefore
not grow significantly with N. On the other hand, the disappointing approximation re-
sults of [Ber-Mit] for large N show that the quality of the best approximation with the
corresponding fixed denominator ¢ must be poor. At the end of that work, we specu-
lated that “interpolation with a fixed denominator of arbitrary degree (that is, N in most
cases) does not leave enough latitude for the numerator to give a good best approximation
to f7. One possibility to improve on this is to limit the degree of q. We show in the
following how to obtain much faster convergence of linear rational interpolants by adding
linear degree—decreasing side conditions to the Lebesgue constant minimizing optimization
problem.

2. Fast convergence of best approximations by rational approximants with
fixed denominators

Let P,, denote the vector space of all polynomials of degree < m and R, be the set of
all rational functions with numerator degree m and denominator degree n.

We will consider a sequence of polynomials ¢,, one for every natural number N (the
number of interpolation points minus 1 in the following sections), with ¢, €P,, n = n(N).
Let m := m(N) := N —n(N), and suppose that m — oo as N — oc.

For every fixed N, the set By of all r € Ry, with common denominator ¢, is a vector
space of dimension N 4+ 1. To every f € C[a,b], there therefore exists a best approximation
i, of fin By [Pow, p. 6] and we have the following theorem.

Theorem 2.1

Let N, m, n as above and f € Cla,b]. Then, as N — oo, the best approximation r};, of
f in By converges toward f at least as fast as the best approximation to [ in P,.

Proof. Let p}, be the best approximation to f in P,,. The conclusion obviously follows
from the fact that p¥ = p¥ gn/qn is a candidate for the best approximation to f in By.
|

Since the best approximation converges at least as fast as interpolation between
Cebysev points this result provides bounds for the convergence of N, toward f; e.g.,
if f € C*a,b], then ||ry, — flloo = O(m™F), and if f is analytic within an ellipse with
half-axes %(oz + oz_l) and %(a — oz_l), a > 1, then ||ry,, — flleoc = O(a™™) [For-Slo, p.
224]. In the latter case one thus has quadratic convergence when doubling m.

In order to use these encouraging results in conjunction with Theorem 1.1, we must
choose the sequence of polynomials ¢, in such a way that the Lebesgue constant of inter-
polation in By increases with N much slower than ||r},, — f|| decreases. The numerical

results in [Ber-Mit] demonstrate that a small Lebesgue constant is almost always possible



with n = N, i.e., with no limitation on the degree of the denominator, but at the cost of an
unsatisfactory approximation. At the other extreme, the best approximation by a polyno-
mial (n = 0) is very precise, but the interpolation between arbitrary points, as measured
by its Ay, is disastrous. Our goal is to decrease n from N as much as possible to improve
the precision of the interpolation, while keeping the Lebesgue constant small. If the latter
grows with N much slower than exponentially, say polynomially, then the interpolation of
an analytic f converges exponentially.

3. Lebesgue constant minimizing linear rational interpolation with limited
denominator degree

In view of its many advantages for the solution of the optimization problem (guaranteed
interpolation, signs of the coefficients given a priori, small modulus of these coefficients
allowing to search for them in a small hypercube), we chose in [Berl,Ber-Mit] to use the
barycentric representation of rational interpolants:

» N N
ry (7)== l,_l,k /Z T — Tk
k

k=0

Every rational interpolant in Ry n can be written this way with certain ux’s (Lemma 2.1
in [Ber-Mit]). These weights determine the (unreduced) denominator as

gn(z) = ((z) Z - f’“rk () = [[(z 2.

The Lebesgue constant of the interpolation with r €8y then is [Ber-Mit]

N
U
T — Tp
(u) _ (u) _ k=0
Ay’ = sup 0, (z)| = sup ~
aSerk:O a<zr<b Z Uk
= —

(u)

We will now limit the degree of the denominator of r;” and denote the resulting rational

in Ryn by r( ) As has been shown in [Ber2], m = N — n conditions which guarantee
that the degree Of gn 1s successively < N — 1, N — 2,... n are given by Zk oThur =0,
J =0(1)N —n — 1. Therefore the matrix of the lineal constraints is made up of the first
N — n rows of the transposed Vandermonde corresponding to the xy’s:

:L‘O xl PECEEY :L‘N
2 2 2
A = To Ty o TN
N—n—1 N—n—1 N—n—1
.’I':O xl PEEEY :'EN



We therefore solve the following minimization problem with simple bounds and side condi-
tions:

minimize Ag\l;)
with respect to the ug, k # 1, subject to
m <up <M, k1,
and

Au =0, u = [ug,ui,. .., un]’. (3.1)

i is the index of any one of the weights (which are determined only up to a constant); u;
is kept fixed during the optimization process.

We solved the problem numerically using the same method as in [Ber-Mit]. We will
denote the resulting optimal coefficients by u*.

As N becomes large, the norm of the pseudoinverse of A becomes large, and the
constraints (3.1) ill-conditioned. For that reason, we have also implemented a method

(u),

using the coefficients in the canonical representation of ry;/:

(@) = pa(z) /Y et (3.2)

One observes from the proof of Theorem 2.1 in [Ber-Mit] that uy = wgqn(zr), where
wy = 1/H;\7:07 j;ék(:lik — ;). Thus, for given n and ay’s, the ¢, (z) can be evaluated using
Horner’s method and from these the u;’s can be obtained by multiplication with wg. In
contrast to the constrained optimization problem of minimizing the Lebesgue constant with
respect to the ux’s and subject to the constraints (3.1) one now solves an unconstrained
problem with the coefficients ay as variables, automatically ensuring that the denominator
polynomial has degree n.

To illustrate Theorem 2.1, we have also computed for each optimal denominator ¢},
the best approximation r};,, to f in B}, the set of all » € Ry, with common denominator
qy,. Theorem 1.1 implies

Corollary 3.1
The error of the approximation to f by the linear rational interpolant rg\l;;) satisfies

1F =< 1+ al”] -,

where d). is given by

dy» = |If =7yl = min

PNEPN qy

‘_P_N




We have computed d}. in the numerical experiments reported in §4. For that purpose,
we have again used the equivalent barycentric form

Zk:O r—ry Yk

d*. = min
Sho o
k=0 z—zy

k) !

?

oo

i.e., we have determined the values y; of r};,, at the z;’s.

4. Numerical experience

Results as those presented in the previous sections, while theoretically correct, may not
always be achieved to a degree desirable in practical applications. As is typical, also in
the problem under investigation, a tradeoff may be expected. Specifically, the first factor
containing the Lebesgue constant in the estimate (1.1) may be expected to increase for
decreasing denominator degree n while a growing number N — n of degrees of freedom
in ry, would allow for a better approximation to f, thereby reducing the size of the
second factor. The question is how low the minimum of the product of these factors
dips for a given N. Due to this tradeoff a dramatically improved approximation may
not be expected if n is chosen lightly. However, when a substantial gain in difficult cases
can be achieved compared with polynomial or the Lebesgue constant minimizing linear
rational interpolation of [Ber-Mit], the slight additional effort of having the additional
linear constraints (3.1) will have been worthwhile.

In the following we denote by 3 the ratio n/N with n and N as in Theorem 2.1. If
B = const. for N — oo then m = (1 — 8)N — oo as required there. We first choose
equidistant nodes z; = —1+1th, 1 = 0,...,N, h = 2/N in [—1,1] and we also restrict
consideration to even functions and polynomials. Although only powers of 2 appear in the
tables, there are no restrictions on the value of N.

Table 4.1

Growth of the Lebesgue constant for decreasing denominator degrees

165 N =16 N =32 N =64 N =128 N = 256
16 2.44 2.87 3.31 3.75 4.19
15 2.44 2.88 3.32 3.76 4.20
14 2.45 2.89 3.33 3.78 4.31
13 2.45 291 3.38 4.11 7.9%
12 2.48 2.96 3.67 8.99 *

11 2.48 3.15 5.56 50.70 *
10 2.59 3.62 13.17 * *




The first table, Table 4.1, shows the growth of the Lebesgue constant for decreasing 3
and different values of N. From this it is clear that values of 3 not too much smaller than
1 should be considered for larger N. A lone star as entry means that the corresponding
value could not be computed. The star with the entry 7.9 means that this entry could not

be found, but that 7.9 is the result for § = 53/64 instead of 3 = 52/64.

Table 4.2

Error of polynomial interpolation between equidistant and random points for Runge’s example

1 1

N f_1—|—5x2 f_1—|—25;z:2
equidistant random equidistant random
8 1.5e—1 3.7e —1 1.0e +0 7.2¢ +0
16 1.8e -1 8.9e — 2 lde+1 7.6e + 0
32 4.3e —1 1.5e — 2 5.0e+ 3 5.0e +1
64 7.7¢e + 0 6.7¢ + 4 1.1e+9 7.5e + 9
128 5.0e + 19 1.5e + 29 1.1e + 20 1.3e + 29
256 6.1le + 57 1.0e + 52 5.6e + 57 5.6e + 51

As test functions we have considered the Runge example (1 + bz?)~!, for which the
polynomial interpolating between equidistant points diverges at the extremities of [—1, 1]
if b> (1/€%) with £ ~ .5255, thus if b > 3.622 [Epp|. Table 4.2 displays the maximal errors
with equidistant as well as randomly chosen points for b = 5 and b = 25.

Table 4.3

Error of Lebesgue-constant minimizing rational interpolation
and of best approximation in the same subspace for 3=3/4

1 1

N f =155 I=1792
F =S | I =il | U= | = el
8 2.3¢e —3 1.3¢ — 3 7.0e — 2 4.6e — 2
16 1l.4e — 3 7.0e — 4 8.3e¢e -3 5.0e — 3
32 5.0e — 4 2.8e —4 1.9e — 3 1l.1e — 3
64 4.8 —5H 2.7e — 5 1.8 — 3 9.7e — 4
128 6.3e — 7 3.9e -7 1.3¢ — 3 3.9e — 4

The next table lists for 3 = 3/4 the values of ||f — rg\l;;) || as well as of the error of the
best approximation r};,, in By for two different functions f and various N. The reader




may check that the product of the latter error with the corresponding Lebesgue constant
in Table 4.1 is always larger than the interpolation error.

In view of Theorem 2.1, the approximation result with r3;,, for a given number N 41
of nodes should be at least as good as the best polynomial approximation of degree m =
(1 — B)N. To allow for the comparison, we give in Table 4.4 the approximation errors of
the best polynomial approximations by polynomials of various degrees m.

Table 4.4

Error of best polynomial approximation of degree m in [—1,1] to given f(z)

m f= 1+ 5:1: f= 1+ 25:1:
2 1.8 —1 3.2e — 1
4 7.4e — 2 2.2e —1
8 1.3e — 2 9.8e — 2

16 4.1e — 4 2.0e — 2

32 3.9e -7 8.3e —4

In all cases but the last does our Lebesgue-constant minimizing rational interpolation
yield a smaller approximation error than a polynomial with the same number of degrees
of freedom. Several hints let us believe that numerical difficulties in the solution of the
optimization problem are responsible for the slowing down of the convergence as N becomes
large. In particular, equioscillation of the Lebesgue function (see [Ber-Mit]), still present
here for small N, is less and less satisfied as N grows. Some of the results were verified
by reproducing them with quadruple precision. Although this was prohibitively slow for
the largest cases, N=128, 256 in particular, the agreement seemed to diminish as N was
increased.

Table 4.5 shows the results analogous to those in Table 4.3, but for g = 7/8.

Table 4.5

Error of Lebesgue-constant minimizing rational interpolation
and of best approximation in the same subspace for 3=7/8

1

N f= 1+ 5:1; f= 1+ 2522
1 =re | I =il | =S | =il
16 2.4e — 3 1.8¢ —3 43¢ — 3 2.7e — 3
32 2.1le —4 1.5e — 4 3.7e — 4 2.3e — 4
64 8.6e — 5 4.1le — 5 2.5e — 4 1.5e — 4
128 3.7e — 6 292e — 6 8.0e -5 53e —5
256 8.1le—9 * 1.2¢ — 5 8.be -6




To show that the method is not restricted to equidistant points, but could rather be
used with most matrices of interpolation points, we display in Tables 4.6 and 4.7 the results
analogous to those in tables 4.3 and 4.5 for random interpolation points. The latter were

generated on the interval (0, 1) by the routine drand48 of the {77-compiler on the HP9000,
initialized by the command srand48(), ordered and reflected with respect to the origin.

Table 4.6
Same as Table 4.3 (8=3/4) but for random interpolation points

1
N =13 5% I= 1592
1=l | =il | I =1 | =il
8 1.8¢ — 1 8dc 2 3.2¢ — 1 1.3c — 1
16 9.5¢ — 2 3.6¢ — 2 2.3¢ — 1 9.6¢ — 2
32 450 — 2 8.8¢ — 3 2.0¢ — 1 6.0¢ — 2
64 4.0c — 4 1.3c — 4 3.4c — 2 9.7¢ — 3
128 * * * *
Table 4.7
Same as Table 4.4 (8=7/8) but for random interpolation points
1
N I=17 5:1; I= 1o
1 =N I | =il | I =0 1| =il
16 1.3e — 1 5.7e — 2 2.6e — 1 l.le—1
32 95.9e — 4 2.7e — 4 9.3e — 4 o5.le — 4
64 1.3e — 2 4.9e — 3 9.le — 2 2.5e — 2
128 4.5e — 5 23e—5 4.9e — 3 2.0e — 3
256 6.4e — 7 * 1.4e — 3 4.0e — 4

5. Solution of the computational problems

Since all the numerical problems which needed to be solved to obtain the results of the
previous section are standard, we wanted to use as much as possible standard methods and
approaches that are implemented in easily accessible, preferably public domain computer
programs. This could be accomplished and we describe it in the following in such a way
that our results may be reproduced. It should be noted, however, that the computations
were delicate and time-consuming. This does not diminish the usefulness of our approach in



applications for the optimal weights need to be computed only once, what we did already
do for two types of nodes, and can then be stored and used for the approximation of
arbitrary functions.

The core problem is the linearly as well as bound-constrained minimization problem
(3.1). For this the sequential quadratic programming method was used as implemented
in FFSQP/CFSQP [Zho-Tit]. We refer to [Ber-Mit] where details are given for the case
without linear constraints. It suffices to say that a discontinuity inherent in this minimax
problem was overcome by using the capability of FFSQP to minimize multiple objective
functions. Here, the objective functions were chosen as the local maxima of the quotient
expression in the definition of the Lebesgue constant between the interpolation points.
Again, it was crucial to use continuation with respect to the nodes from a starting distri-
bution with known feasible coefficients, here as in [Ber-Mit] Cebysev nodes, to the desired
points.

The errors in Table 4.2 were computed using the barycentric formula of section 3 and
evaluation at the points used in section 5 of [Ber-Mit]. The entries in the second and
fourth columns of Tables 4.3, 4.5, 4.6, and 4.7 were obtained by minimizing ||f — r|| over
all r € Ry, with the fixed denominator. Precisely, the barycentric formula was used with
the optimal weights in both numerator and denominator while the function values in the
numerator were treated as free parameters, cf. the end of section 3. The error norm as
measured over the set of points from section 5 of [Ber-Mit| was then minimized by varying
these function values. The values in Table 4.4 were computed with continuous Cebysev
approximation programs for smaller m. Since, however, the program used, DRATCH
from the ISML library, failed for larger m, a discrete CebySev approximation program,
here algorithm 501 from the TOMS collection in NETLIB, had to be used. A very large
number of discrete nodes, 10% - 10°, was chosen in order to minimize the deviation from
continuous approximation.

Conclusion

The numerical results given above show that, for any array of nodes arising in practice,
best approximation decreasing for small N as fast as polynomial approximation can be
achieved in practice. The small Lebesgue constants for these values of N yield a very good
linear rational interpolant for functions like 1/(1 + 5z%) (see Tables 4.3 and 4.5), for which
the interpolating polynomial is useless (Table 4.2).

On the other hand, exponential convergence for difficult functions like 1/(1 + 25z2)
does not seem to be easily attainable. We are at present unclear about the exact reason:
is it merely the stability of the algorithm, or is the whole problem ill-conditioned?

The validity of Theorem 2.1 relies heavily on the fact that the sequence of denomina-
tors has precise degree n, in our examples n = JN. We have achieved the corresponding
degree reduction by the transposed Vandermonde linear constraints (3.1) in one method,
by computing the uy’s from the ax’s in (3.2) in another. Both methods become probably
ill-conditioned as N increases. Our calculations indeed seem to show that the number of



identical digits in u* resulting from different methods seems to decrease as N becomes
larger. It is therefore possible that, if better degree reduction can be achieved, e.g. by
working in higher precision, then u*’s with much better asymptotic approximation power
can be computed. Our hope is that the main problem is not too ill-conditioned, i.e., that
arrays of FORTRAN double precision u*’s with small Lebesgue constant and precisely
satisfied degree reduction conditions exist.

References

[Berl] Berrut J.-P., Linear rational interpolation of continuous functions over an interval,
in: W. Gautschi, ed., Mathematics of Computation 1945-1993: a Half-Century of
Computational Mathematics (Proceedings of Symposia in Applied Mathematics,
American Mathematical Society, Providence, 1994) 261-264.

[Ber-Mit] Berrut J.-P., Mittelmann H.D., Lebesque constant minimizing linear rational
interpolation of continuous functions over the interval, Report 94-4, Institut de
Mathématiques, Université de Fribourg (Suisse), 1994.

[Ber2] Berrut J.-P., Matrices for the direct determination of the barycentric weights of
rational interpolation, Report 95-6, Institut de Mathématiques, Université de Fri-

bourg (Suisse), 1995.
[Epp] Epperson J.F., On the Runge example, Amer. Math. Monthly 94 (1987) 329—341.

[For-Slo] Fornberg B., Sloan D. M., A review of pseudospectral methods for solving partial
differential equations (Acta Numerica 1994).Cambridge University Press, 1994

[Pow| Powell M.J.D., Approzimation theory and methods (Cambridge University Press,
1981).

[Riv] Rivlin T. J., An Introduction to the Approzimation of Functions (Dover, 1981).

[Sza-Vér] Szabados J., Vértesi P., Interpolation of Functions (World Scientific, Singapore,
1990).

[Tre-Wei] Trefethen L. N., Weideman J. A. C., Two results on polynomial interpolation in
equally spaced points, J. Approz. Theory 65 (1991) 247-260.

[Zho-Tit] Zhou J. L., Tits A. L., User’s guide for FFSQP version 8.5: A FORTRAN code

for solving constrained nonlinear (minimaz) optimization problems, generating it-
erates satisfying all inequalitites and linear constraints (TR-92-107r1, Institute for

Systems Research, University of Maryland, College Park, MD20742, USA, 1995).



