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~ Abstract—The design of constrained, “plant-friendly” mul- The approach described in this paper for achieving uni-
tisine input signals that optimize a geometric discrepancy formly distributed experimental designs for system identi-
criterion arising from Weyl's Theorem is examined in this  fication relies on geometric discrepancy theory [5]. This is

paper. Such signals are meaningful for data-centric estimation . S . .
and control methods, where uniform coverage of the output accomplished by minimizing a discrepancy function made up

state-space contributes greatly to good performance. The op- Of trigonometric polynomials arising from Weyl's Theorem
timization problem includes a search for both the Fourier [6] that insure that the points are equidistant on a state-
coefficients and phases in the multisine signal, resulting in an space. The optimization problem calls for minimizing this
uniformly distributed output signal that achieves a desirable discrepancy function on the anticipated outputs of the system
balance between high and low gain directions, an important . . s .
consideration when identifying strongly interactive multivari- subject to the requirements _Of an OrthOQOnal Z|ppered
able systems. The solution involves very little user intervention SPectrum (used to enable multi-channel implementation) and
and has significant benefits compared to multisine signals while enforcing time-domain constraints on upper and lower
that minimize crest factor. The usefulness of this problem |imits, move sizes, and rates of change in either (or both)
formulation is shown by applying it to a case study involving it and output signals. The optimization problem is solved
composition control of a binary distillation column. using a state-of-the-art NLP solver (KNITRO 3.1) which
. INTRODUCTION uses an interior point trust region method and employs SQP
techniques to solve the barrier subproblems.
N The effectiveness of data resulting from an optimization-

. . > JUSUIsed signal design using the proposed Weyl criteria is
Time modeling [1], Model-on-Demand (MoD) estimation yo monstrated in a binary high-purity distillation column

[2] and more recently, Direct Weight Optimization (DWO) case study by Weischedel and McAvoy [7], a demanding

[3]. The appeal of these modeling approaches is that th?‘fﬁnlinear and strongly interactive process application. A

enable nonlinear estimation, while reducing the structurgh .\ -\ 5emand Model Predictive Control (MoD-MPC)
decisions made by the user and maintaining reliable n%l/

In recent years, there has been significant interest
data-centric dynamic modeling frameworks such as Just-i

ith developed in [2], [8], [9] i luated usi
merical computations. The performance of these metho gorithm as developed in [2], [8], [9] is evaluated using a

h is hiahly d q h lability of i eyl-based data-centric experiment versus a multisine input
owever, is highly dependent upon the availability of qua Itydesign with equivalent harmonics but minimizing crest factor.

informative databases, and consequently, good experlmenﬁ;i)]lprovememS in closed-loop performance are achieved in

designs are an imperative. An important consideration ifhe Weyl-based data set, without the need to compromise
experimental design for this class of estimation methods is ant-friendliness in the experimental design

achieve uniform coverage of regressors in the database. T ISthe paper is organized as follows: Section 2 briefly de-

. o ) e . '€S1918%ribes the MoD estimation framework and its corresponding
that mget this _cnte_rlon _\/\_/h|l§ sa'usfy.lng pIant—fnendImessMPC implementation. Section 3 presents the Weyl criterion
constraints during !dent|f|cat|on testing. ,A pIant-fngndIythat defines the geometric discrepancy objective, while Sec-
identification test will produce data leading to a suitablgy, 4 gescribes an optimization-based input design problem
model within an a_cc_eptal_ale time penod, while keep”?g th‘f’lormulation for a 2 by 2 multivariable system. Section 5
cherl]hges andd fyar:jablllty n bOth4 input and output SIgnalghows the application of a design based on this formulation
within user-defined constraints [4]. to both open-loop estimation and closed-loop control of

* To whom all correspondence should be addressed. Phone: (480) Qégl-e We'SChedel'MCAvoy_ column, while Section 6 contains
9476 Fax: (480) 965-0037; e-mail: daniel.rivera@asu.edu a summary and conclusions.



I[I. MODEL-ON-DEMAND MODELING METHODOLOGY mean square error of the estimate. Assuming a local model

. . . structure
Model-on-Demand is a data-centric, nonlinear black-box

estimation method which enhances the classical local mod- m(e(t),B) = Bo+ B (@(K) — @(t)) (4)

eling problem. In MoD, an adaptive bandwidth SeleCto(/vhich is linear in the unknown parameters, an estimate can

determines the size of data to be used for the local regressi%%sil be computed using least squares methodS, Hnd
The data is weighted using a kernel or weighting functio y P g d dBo

SO . . r_‘/Sl denote the minimizers of (3) using the model from (4), a
A local regression is performed using a linear or quadrat'qne-step ahead prediction is given by
|

model to estimate the plant output at each time step; a . ;
observations are stored on a database and the models are y(t) =m(o(t),B) = Po (5)

built ‘(_)n demand" as the actual n_eed arises. Local mOde_“nlgach local regression problem produces a single prediction
techniques such as the MoD p_red|ctor_use only small port|_0 t) corresponding to the current regression veai(t). To

of daéa,l relevan(tj tg thﬁ region of/b|.nteres(tj, toﬁ Qer:ermln btain prediction at other locations in the regressor space,
a mode| as needed. The variance/bias tradeoff inherent g, \eights change and new optimization problems must
all modeling is o'pt|m|ze'd Ioca!ly by adapting the numberbe solved. This stands in contrast to the global modeling
of data and their relative weighting. As a CONSEQUENCgy,oach where the model is fitted to data only once and
the non-convex opt|m|z_at|on pro_blem _assoc!ated with MO%en discarded. The bandwidthcontrols the neighborhood
gr:obal nonlinear moddellnght?chnlqges_ IS av0|ded.d|\_/loreove£,ilze and has a critical impact on the resulting estimate since
the user is presented with fewer decisions regarding modely . ems a trade-off between the bias and variance errors
structure and can use intuition developed from linear modek "o estimate. Traditional bandwidth selectors produce a

identification as the basis for obtaining an accurate nonlineg[ngle global bandwidth; in MoD estimation, a bandwidth is
model. MoD has been formulated into a comprehensiv ' ’

methodology for nonlinear identification and predictive Con_@omputed adaptively at each prediction.

trol [2], [8], [9], [10], [11]. A Matlab-based tool for MoD B. Model-on-Demand Model Predictive Control

estimation and control is available in the public domain [12]. Model predictions from MoD estimates can be incorpo-
rated into a Model Predictive Control (MPC) framework as

A. Model on Demand Estimation described in [2], [8] and [9]. The objective function is

The MoD modeling formulation is described with a SISO min S Qe(0)(Y(k+£]k) —r(k+£))? (6)
process based on the approach of [2]. Consider a SISCPUKK)-.Au(kim-1lk) =
process with nonlinear ARX structure, i.e., + M Qau(d)(Bu(k+ £ —1]k))?

subject to constraints on outputs {0y(k) < ymay, inputs
y(k) =m(p(k)) +ek), k=1,..,N (1)  (0<u(k) < umay, and their rate-of-change\(mi, < Auy <
Aumay). The weight function®e(¢) andQay(¢) are adjusted

wherem(-) is an unknown nonlinear mapping aetk) is an 5 optain desired levels of robustness and performance.
error term modeled as random variables with zero mean and

variances?. The MoD predictor attempts to estimate output!!l- UNIFORM DISTRIBUTION OF INFINITE SEQUENCES-
predictions based on a local neighborhood of the regressor THE WEYL CRITERION
spaceg(t). The regressor vector is of the form Discrepancy theory deals with the distribution of points
in space [5]. The Weyl criterion [6] gives the necessary
et)=[y(t—1) .. y(t—na)ut—n) .. ult—mp—n)]" and sufficient conditions for a sequence to be uniformly
(2)  distributed in[0,1)9, the d-dimensional unit interval. The
wheren,, np, andn, denote the number of previous outputscriterion for a two-dimensional sequence can be summarized

and inputs and the degree of delays in the model. as follows:
A local estimatey can be obtained from the solution of
the weighted regression problem Theorem. (H. Weyl, 1916) A sequence{y:(k),y2(k)}
) N ) 1000 — 0(0) is equidistributed ir0, 1)? if and only if
p=argminy cly(k—rito(k). B)) W( - ) o %ezm<|ly1<k>+.zy2<k» » o
3) N=o N &

where ¢(-) is a quadratic norm function|u|,, £ VuTMu v sets of integers;, l» not both zero.

is a scaled distance function on the regressor sgae®,a  pecomposing (7) into real and imaginary parts we obtain
bandwidth parame.ter coqtrolllng the size of the local neighy,at the sequency: (K),y2(K)} is equidistributed in0, 1)
borhood andw(.) is a window function (usually referred it ong only if for all sets of integerk, I, (not both zero) the

to as the kernel) assigning weights to each remote dalt@IIOWing conditions hold:

point according to its distance from(t) [11]. The window

is typically a bell-shaped function with bounded support | 1 Lva (K) - oo (K
' im — ) cog2 =0 8
These weights can be chosen to minimize the point-wise N—wo N k; S2n(laya(k) +12y2(K))] ®



and N Since we only have a finite number of points in the se-
.1 , h integerand form the setS as
im = S sin27z(1:va (k) + [ovo (kD) = O g) duences, we choose an in
dim S k; [27(11y2(K) +2y2(K))] ©)  lows.

Weyl's criterion can readily be extended to higher dimen- S={x:xeZandx| <L} (16)

sions, as needed by the requirements of the problem undgherez is the set of all integers and corresponds to
consideration.
W={(I1,l2) : 11 €Sl e Sand (I3,l> 0,0
IV. OPTIMIZATION PROBLEM FORMULATION {lnl) il es (I,12) # (0,0}

Our goal is to design an input signal that is uniformlyVVe then try to minimize the sum in equations (8) and (9)
distributed and as such has good directionality information ifP" &ll €lements of the set/. The optimization is carried out
the output state space of the system:; the latter goal is an ife. €Stimate the amplitudes and phases iz, ¢is, ¢iz, | =
portant requirement when working with strongly interactive®:---+ (M+1)ns of the m=2 multisine Input channels. The
multivariable systems [13]. This assumeegriori knowledge COMPlete problem statement is as follows:

of the plant model as either an equation or a computer min  t (17)
program that is available to the optimizer. For simplicity 0i1,0i2,0i1,9i2
of presentation we consider the inputk) and outputy(k) s.t.
are vectors with two components; this corresponds to the 1
dimensions of the Case Study presented in Section 5. z cog2x(11y1(K) +12y2(k))] <t,¥ (I1,12) e W

To meet the objectives of plant friendliness we need to k=0
impose bound constraints on batfk) and/ory(k). Here,z Ne—1
is one ofyy, v, U1, Us. zo sin2z (1191 (K) 4 1292(k))] <t,V (I1,12) e W

2(k)|<C;  k=0,...,Ns—1 (10) k=
t>¢

The C, are user defined constants. Since a multisine is a

periodic signal these need to be applied over one cycle leng Well as subject to constraints per Equations (10)-(15). The
Ns. We would also like to have restrictions on the move siz€Wer bound constraint of is imposed to promote faster
of u(k) andy(k), which is the difference between successivé0onvergencee is chosen to be some small positive constant.

values inu(k) andy(k). We therefore impose the constraints, [14] and [15] paper present experiments that show the
influence of design variablds and e on the distribution of

|2(k+1) —2(K)| <ACz k=0,...,Ns—1 (11) points in the output state space. In these experiments it can

Again AC; are user defined constants. The prediction of thB€ seen that by increasirlg the uniformity in the output
plant output response must be determined from a modgiate space distribution improves dramatically. Decreasing
estimated from previous identification tests, or otherwiste value ofe tends to keep the various clusters of points in

obtaineda priori. These relationships are represented as More or less the same position, but leads to a redistribution
of points within the same cluster. Given our experience, there

yi(K) = fi(u, Uz, y1,y2), k=0,...;,Ns=1  (12) s not much to gain by decreasiegeyond a certain limit; it
y2(K) = fa(ug, Uz, y1,Y2), k=0,...,Ns—1 (13) is, however, m_uch more e_ldve_mtageous to increa:mstee_ld. _
o The constrained optimization problems described in this
Here the arguments df and f, indicate the dependence of paper were solved by programming them in the modelling
y1 andy; on the values of the vectors, Uz, y1 andyz. The  |ah53ge AMPL which has built in automatic differentiation
inputsuz (k) andux (k) are chosen per the multisine structureup to second order derivatives. The Weyl equations are
(m+1)ns o continuously differentiable and so the optimizer can make
uj (k) = Z \/ 204 COS(WK-F ij) (14)  direct use of second derivative information. The optimizer
= S used was KNITRO developed by Byrd and co-workers [16].
with Fourier coefficient bounds corresponding to a modifieNITRO is an interior point trust region SQP solver and is
zippered spectrum as described below: suitable for solving both large and small problems.

>0, i=j,(M+D)+j,---,(Mm+L)(ns—1)+]
oj=< >0, i=m+1 2(m+1), - .ng(m+1) V. CASE STUDY: NONLINEAR HIGH-PURITY
=0, for all otheri up to (m+1)ns DISTILLATION PROCESS

The goal is to uniformly distribute the pointgi(k),y2(k))  A. Input Signal Design and Comparison to Minimum Crest
in the output state space regipaCy,,C, ) x [-C,,,Cy,). We  Factor Approaches

wish to use the Weyl Criterion described in the previous s cnajlenging multivariable process system that benefits
septhn to achleve. this u.nlform ('1|st.r|bu.t|on. $|nce2the Wey]lrom judiciously applied system identification techniques
_Cr|ter|on deals with un|f(_)rm distributions if0,1)%, we is high purity distillation. The methanol-ethanol distillation
introduce a change of variables: column model developed by Weischedel and McAvoy [7] is

K) — yi(k)+Cy, K — y2(k) +Cy, commonly used as a benchmark problem for this type of ap-

(k) = 2C, 2(k) = 2Cy, (15) plication [17]. To address the demands of highly interactive



Type Signalx) CF(K) PIPS(%) madx max x min X

Uy 1.21 82.43 0.0025 0.0020  -0.0020

. Lo . Up 1.22 81.77 0.0026 0.0020 -0.0020

min CF () design; standard zippered spectrum Vi 548 1864 00037 00325 00711

Y2 2.19 46.12 0.0031 0.0199 -0.0204

min CF{y) design; modified zippered spectrum 31 g;g gig% 88188 882?2 88333

using NARX model predictiofAu| < 0.01, 2 1'30 77'45 0'0051 0.0088 0I0086
Ay| < 0.008 & |y| < 0.0085 1 : : : : -

Byl < - Y2 1.31 77.01 0.0082 0.0087 -0.0086

Data-centric Weyl design using NARX model via 3; ggg igg 888;2 88323 88322
a modified zippered spectrum subject to - - - - .

y1 1.79 56.54 0.0062 0.0084 -0.0082

|Au| < 0.01, |Ay| < 0.08 & |y| < 0.0085 Vo 176 5713 00053 00082 -0.0083

TABLE |

DESCRIPTION AND RESULTS SUMMARY FOR MULTISINE SIGNALS DESIGNED FOR TH®/EISCHEDEL-MCAVOY DISTILLATION COLUMN CASE STUDY.

systems, one approach is to modify the standard multisiie generate output predictions for the optimizer in both the
signal to contain correlated harmonics with high levels ofmin CFf) and Weyl-based signal design scenarios.

power, which improve the low gain-direction content in the The benefits of the Weyl-based formulation over the
data and promote better coverage of the output state-spagenimum crest factor signal design in producing a uniform
Such an approach is presented in [18] and [19], who applistribution in the output state-space of the data can be
an optimization approach that minimizes crest facOF), clearly seen by contrasting Figures 2a and 2b: the use of
the ratio of the/,, (or Chebyshev) norm and th&-norm the Weyl-based criterion results in a much more uniformly
of a signalx [20]. A low crest factor indicates that most distributed coverage of the state-space, and a much better
of the elements in the sequence are distributed near theinited dataset for data-centric estimation purposes. The uni-
extremum values. Design parameters for the Weischedébrm distribution of the output within the bounds specified
McAvoy problem determined on the basis of the guideline# the problem results in a natural balance between the high
per [18] using dominant time constant estimatels {=5 and low gain information content in the data. From Table |
and it = 20 min) and user choices af =0, as =2, one does notice, however, that the improvement in output
and s = 3, lead to parameter settings @f= 2 minutes, state space uniformity is obtained at the cost of higher crest
ns = 189, andNs = 378. Constraints applied to the problemfactor, which consequently reduces the signal-to-noise ratio
and salient characteristics of the signals considered (mof the data in a noisy data setting. As a result there is an
CF@u), min CFf), and Weyl data-centric) are summarizednherent tradeoff between these objectives that needs to be
in Table I. The value of the amplification factor for therecognized. One way of addressing this issue in practical
correlated harmonicy = 15 was chosen for a min Cf( input design is to include maximum crest factor bounds as
signal with modified spectrum; the resulting input spectrunmequality constraints within the Weyl problem formulation;
for this signal is shown in Figure la. The output state-spathese can be readily incorporated in the numerical optimiza-
plot is shown in Figure 2a. tion framework described in this paper.

A significant benefit of an optimization-based problem An important difference between these signal designs is
formulation for input signal design is that nonlinear modebbserved in the input spectra (Figure 1). In the min @F (
forms can be readily incorporated in the design procedurease, only the phases and a subset of the Fourier coefficients
which results in an improved ability to both meet plantin the high frequency range of the multisine signal are
friendliness requirements as well as address the directioghosen by the optimizer, while for the Weyl-based design,
ality and uniform distribution requirements in the outputthe optimization problem includes a search &k Fourier
for demanding applications. A polynomial Nonlinear Auto-coefficients and phases, including those corresponding to the
Regressive with eXternal (NARX) input model with structurecorrelated harmonics; this can be seen in Figure 1b. Not only

as proposed in [17] do these extra degrees of freedom in the optimizer contribute
ny M to the improved performance, they reduce the number of
y(k) = 9<°)+Zei(1)y(k—i)+ S 6P u(k—i)+ decisions madea priori by the user, leading to a more
i= i=p practical design procedure.
ny j
+'Zi > 9(2?}))’('(— Dy(k—1) (18)  B. Application to Model-on-Demand Estimation and Predic-
I=11=1 tive Control
Ny 1
+ z z e(ﬁf‘;)u(k—i)u(k— i) First, open-loop quel—on—Demand (MQQ) e;timation is
i=pj=p evaluated for the Weischedel-McAvoy distillation column
Ty ny 5 ) ) using for estimation purposes the data arising from the signal
+'Zl Z O(i,j)y(k_l)u(k_1)+"' designs summarized in Table I. For validation purposes, a
i=1j=p

different data-centric signal with lower magnitude bounds
was obtained for the Weischedel-McAvoy column and usedas considered, which is shown in [19]. For all cases, an
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Fig. 1. Power spectral densities for input signals for the WeischedeFig. 2. Output state-space plots for Weischedel-McAvoy distillation
McAvoy distillation column: min CF) (a) versus Weyl-based design (b) column: min CFY) (a) versus Weyl-based design (b)

implicit Nonlinear ARX (NARX) structure with fi; = 1, signals considered, with a percent unexplained variance close
npb =1, ng = 1] is used in the MoD estimator. A local to 0.09% (Table II).
polynomial order per (4) and limits on the database size The min CFY) and Wey|-based MoD models are subse-
kmin=20 andkmax=756 serve as additional parameters [10]. quently evaluated in a closed-loop setting using the MoD-
Analysis of the results shows that data resulting from th®IPC Toolbox [12]. Results for the min C&(MoD model
min CF() signal based on the standard zippered spectruare not shown because a stable controller response could
provides the worst results of all three cases consideredot be obtained. In both cases the tuning parameters are
Because the input-output data resulting from this signal lacks = 35, m, = 15, Qe=[1 0; 0 1] andQa,=[7 0; 0 7]. A series
information content in the low gain direction, it results inof setpoint changes that represent challenges to controller
the poorest prediction on the validation data set (Table IIperformance for a highly interactive plant such as high-purity
For data resulting from the min C§(signal with modified distillation are shown in Figure 3. While stable responses
spectrum, most of the output sequence is located near ése obtained in both cases, the MoD-MPC controller relying
minimum and maximum values, but its corresponding Modn the Weyl-based data shows faster settling time, less
model still seems to produce reasonable predictions in avershoot, and less interaction than the one resulting from
open-loop sense with a percent unexplained variances80 the min CFy) MoD model; these desirable performance
(Table I11). Nonetheless, the MoD model estimated fronfeatures of the Weyl-based MoD-MPC controller point to the
the Weyl-based approach, because of the even state-speffectiveness of this class of signals for closed-loop control
distribution, results in the most accurate predictions of afpurposes in a demanding process application.



Type Signal Y) RMS Eval (%)
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