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Abstract

The design of constrained, “plant-friendly” multisine uipsignals that optimize a geometric dis-
crepancy criterion arising from Weyl's Theorem is examiirethis paper. Such signals are meaningful
for data-centric estimation methods, where uniform cayeraf the output state-space is critical. The
usefulness of this problem formulation is demonstrated dphéng it to a linear example and to the
nonlinear, highly interactive distillation column modeahatloped by Weischedel and McAvoy (1980).
The optimization problem includes a search for both the iBogpefficients and phases in the multisine
signal, resulting in an uniformly distributed output sigdaplaying a desirable balance between high
and low gain directions. The solution involves very littlsen intervention (which enhances its prac-
tical usefulness) and has significant benefits compared ttising signals that minimize crest factor.
The effectiveness of data resulting from a Wey! criteriasdd signal for Model-on-Demand Model
Predictive Control (a data-centric multivariable conttjorithm) is demonstrated for the distillation
column case study.
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1 Introduction

The need for “plant-friendliness” in system identificatifam the process industries stems from the fun-
damental need for informative experiments despite pralctexjuirements to the contrary (Rivesaal.,
2003). A plant-friendly identification test will producetddeading to a suitable model within an accept-
able time period, while keeping the changes and variabilityoth input and output signals within user-
defined constraints. In recent years, there has been sartificterest in data-centric dynamic modeling
frameworks such as Just-in-Time modeling (Cybenko, 1986€)Model-on-Demand (MoD) estimation
(Stenman, 1999). The appeal of these modeling approacties they enable nonlinear estimation, while
reducing the structural decisions made by the user and amaiing reliable numerical computations. The
performance of these methods, however, is highly depengsnt the availability of quality, informative
databases, and consequently, good experimental desig@s amperative. An important consideration
in experimental design for these estimation methods is heese uniform coverage of regressors in the
database. This paper examines the development of multigpue designs that meet this criterion while
satisfying plant-friendliness constraints during id8adition testing.

The idea of uniformly distributed experimental designsdgstem identification relying on multisine
signals has previously been examined by Duym and Schouk885), who rely on minimizing an objec-
tive function quantifying the real and actual discrepanoynt a user-defined grid. An iterative procedure
that does not apply constraint enforcement is used in thik Wl more general approach that we present
in this paper is to rely on the principles of geometric diparecy theory (MatouSek, 1999) as a means
for achieving uniformity of the data in a regressor spacds Thaccomplished by minimizing a discrep-
ancy function made up of trigonometric polynomials arisfram Weyl's Theorem that insure that the
points are equidistant on a state-space. The optimizatioiolgm calls for minimizing this discrepancy
function on the anticipated outputs of the system, subgethe restrictions of an orthogonal “zippered”
spectrum (used to enable multi-channel implementatiod)samultaneously enforcing plant-friendliness
time-domain constraints on upper and lower limits, movesiand rates of change in either (or both) in-
put and output signals. The optimization problem is solvedgia state-of-the-art NLP solver (KNITRO
3.1) which uses an interior point trust region method andleyspSQP techniques to solve the barrier
subproblems.

The paper is organized as follows: Section 2 describes thg tkéerion that defines the geometric
discrepancy objective, while Section 3 presents an exabgded on a simple linear highly interactive sys-
tem that leads to the plant-friendly constrained optimdaproblem formulation that is the basis for this
work. Section 4 describes the results of a more demandirggstady (based on the nonlinear Weischedel-
McAvoy distillation column) while Section 5 contains a Suemyand Conclusions.

2 Uniform Distribution of Infinite Sequences - The Weyl Criterion

Discrepancy theory deals with the distribution of pointspace (MatouSek, 1999). The Weyl criterion
(Weyl, 1916) gives the necessary and sufficient conditiongfsequence to be uniformly distributed in
[0,1)9, thed-dimensional unit interval. The criterion for a two-diménsal sequence can be summarized
as follows:



Theorem(H. Weyl, 1916) A sequencgy(k),y»(K)} is equidistributed irf0, 1)? if and only if

1 X mi(l1y1(K)+lay2(k) _

V sets of integerk;, 1> not both zero.

Decomposing (1) into real and imaginary parts we obtainttasequencéy; (k),y2(k)} is equidis-
tributed in[0, 1)? if and only if for all sets of integerk, |, (not both zero) the following conditions hold:
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Weyl's criterion can readily be extended to higher dimensjoas needed by the requirements of the
problem under consideration.

3 An lllustrative Example

To illustrate the effectiveness of the Weyl criterion fogrsal design, we consider a highly interactive
system based on the simplified model of a high-purity datidin column (Morari and Zafiriou, 1988).
The system dynamics are described in terms of the continimedransfer function is as follows:
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wherey(s) andu(s) are Laplace transform of the output and input signals toys&es, respectively.

Our goal is to design an input signal that is uniformly dmtited and as such has good directionality
information in the output state space of the system; therlagbal is an important requirement when
working with highly interactive multivariable systems (kdéoi and Zafiriou, 1988). This assumagriori
knowledge of the plant model as either an equation or a caanpubgram that is available to the optimizer.
We introduce two cycles of input each of lendth and let the transients die out in the first cydke={
0,...,Ns—1) of the output. As before the inputk) and outpui/(k) are vectors with two components. To
design a plant friendly signal we impose bound constrainteathu(k) and/ory(k) in the second cycle.
Here,zis one ofyy, y», ug, Up.

|Z(k)| §C27 k:Ns,...,ZNs—l (5)

TheC; are user defined constants. We would also like to have réstrioon the move size of k) andy(k),
which is the difference between successive valuegkhandy(k). We therefore impose the constraints,

|z(k+1) —z(K)| < AC;, k=Ns—1,...,2Ns— 2 (6)



AgainAC; are user defined constants. The prediction of the plant brgpponse must be determined from
a model estimated from previous identification tests, oewntiise obtaine priori. These relationships
are:

yl(k) = fl(U1,U27Y1,YZ)a k:O772NS_1 (7)
y2(k) = fz(U1,U27Y1,YZ)a k:O772NS_1 (8)

Here the arguments di andf, indicate the dependencewfandy, on the values of the vectous, uy, y1
andys,; for the Example problem these correspond to the sampledrdptesentation for (4). The inputs
up (k) anduy(k) are chosen per the multisine structure:

(m+1)ns

27
uj(k) = V/ 20ij co§ —K+ @) 9)
= Ns
with Fourier coefficient bounds corresponding to a modifippered spectrum as described below:
aij=<¢ >0, i=m+1, 2(m+1),---,ng(m+1)
=0, forallotheri upto(m+1)ns

The goal is to uniformly distribute the pointg (k),y2(Kk)) in the output state space regiprCy,,Cy,) x
[-Cy,,Cy,). We wish to use the Weyl Criterion described in the previaetion to achieve this uniform
distribution. Since the Weyl Criterion deals with uniforisiibutions in[0, 1), we introduce a change of

variables: 0+C, 0+C,
~ yl + 1 ~ y2 + 2
Vi(k) = —~—, Yo(k) === (10)
2C, 2C,
Since we only have a finite number of points in the sequenceshweose an integérand form the seb
as follows:

S={x:xeZand|x <L} (11)

whereZ is the set of all integers antf corresponds to

W= {(|1,|2) . |1 € S,|2 € Sand(|1,|2) 75 (0,0)}

We then try to minimize the sum in equations (2) and (3) fore&#iments of the s&V/. As before we
impose this “Weyl” constraint on the second cydte<(Ns+1, . ..,2Ns— 1) of the output. The optimization
is carried out to estimate the amplitudes and phase®i>, @1, @2, i = 1,...,(m+ 1)ns of them =2
multisine input channels. The complete problem statensead follows:

min t 12)
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as well as subject to constraints per Equations (5)-(10k [dtver bound constraint anis imposed to
promote faster convergenceis chosen to be some small positive constant.

To better understand the influence of design variabl@sde on the distribution of points in the output
state space we perform two experiments using the exampbégonger (4) with the bound and move sizes
shown in Table 1.

In the first experiment, we fig at a value of 102 and varyL. The distribution of points in the output
state space obtained for two different simulations Wits 2 and 6 is shown in Figure 1; Pendse (2004)
contains simulations fdc = 3, 4, and 5. It can be seen that by increadinghe uniformity in the output
state space distribution improves dramatically. An inseeen the design variable seems to move the
various clusters of points at different places in the stptes to achieve an approximation to a uniform
distribution.

In the second experiment, described in more detail in Pe(3@4), we fixL = 3 and varye. We
know from Experiment 1 that a low value bfgives a relatively poor distribution; the effect of charngin
€ is then more easy to decipher on a relatively poor distrdsutihan with a good distribution. A series of
simulations withe values ranging from 1%to 10~® can be found in Figure 2. Decreasing the value of
tends to keep the various clusters of points in more or lessdme position, but leads to a redistribution
of points within the same cluster. Given this informatidrere is not much to gain by decreasmbeyond
a certain limit; it is much more advantageous to incrdasestead.

The constrained optimization problems described in thigepavere solved by programming them in
the modelling language AMPL which has built in automatidetiéntiation up to second order derivatives.
The Weyl constraints are continuously differentiable amdh® optimizer can make direct use of second
derivative information. The optimizer used was KNITRO deped by Byrd and co-workers (Byreit
al., 1999). KNITRO is an interior point trust region SQP solvedas suitable for solving both large and
small problems.

4 Case Study: Nonlinear High-Purity Distillation Process

4.1 Input signal design and comparison to minimum crest faar approaches

A challenging multivariable process system that benefamfjudiciously applied system identification
techniques is high purity distillation; the methanol-etbkdistillation column model developed by Weischedel
and McAvoy (1980) is commonly used as a benchmark problemi¢&s et al., 1995). The highly in-
teractive nature of high-purity distillation is reflectedthe fact that dynamically the system will tend to
respond in the principal gain direction (consisting of aving greater purity in one stream at the expense
of purity in the other) while the low gain direction (reflewgi conditions where purities in both the distillate
and bottom streams increase simultaneously) is much ledsray

To address the demands of highly interactive systems, qreagh is to modify the standard multisine
signal to contain correlated harmonics with high levels @iver, which improve the low gain-direction
content in the data and promote better coverage of the ostpté-space (Leet al, 2003). The opti-
mization approach per Lest al. (2003) considers minimizing crest fact&€K), the ratio of thel, (or
Chebyshev) norm and the-norm of a signak (Guillaumeet al., 1991). A low crest factor indicates
that most of the elements in the sequence are distributadimsiaextremum values. An alternative rep-



resentation of signal distribution similar to crest fagwthe Performance Index for Perturbation Signals
(PIPS) (Godfreyet al,, 1999). The PIPS measure ranges between 0 and 100% (conpdareersuso for
crest factor), which gives it an intuitive, practical appd2esign parameters for the Weischedel-McAvoy
problem determined on the basis of the guidelines perdted. (2003) using dominant time constant
estimates(dLom: 5 andré*om: 20 min) and user choices of= 0, as = 2, andfs = 3, lead to parameter
settings ofT = 2 minuteshs = 189, and\s = 378. A value of the amplification factgr= 15 was chosen
for a min CF§) signal with modified spectrum; the resulting input spettror this signal is shown in
Figure 3a. Constraints applied to the problem and saliesrtaciteristics of these signals are summarized
in Table 2; an output state-space plot is shown in Figure 4a.

A significant benefit of an optimization-based problem folation for signal design is that nonlinear
model forms can be readily incorporated in the design preeedvhich results in an improved ability to
both meet plant-friendliness requirements as well as addiee directionality and uniform distribution
requirements in the output for demanding applications. A/mamial Nonlinear AutoRegressive with
eXternal (NARX) input model with structure as proposed byiBraset al. (1995):

— et 9. _ i 3) K—i)y(k—
y(k) Jrzl i) ++Z] iy Dy(k— )
O S § 9 yk— ik |
+ Z Z 6 u(k—iu(k— j +Zl i)Y (k—=i)u(k—j)+... (13)
i=pj=p j=p

was estimated for the Weischedel-McAvoy column and useceteate output predictions for the op-
timizer in both the min CRK() and Weyl-based signal design scenarios. The benefits divdyd-based
formulation over the minimum crest factor signal designiiaducing a uniform distribution in the output
state-space of the data can be clearly seen by contrasgngeBi4a and 4b: the use of the Weyl-based cri-
terion results in a much more uniformly distributed coverafjthe state-space, and a much better suited
dataset for data-centric estimation purposes. The uniftistnibution of the output within the bounds
specified in the problem results in a natural balance betweehigh and low gain information content in
the data. From Table 2 one does notice, however, that theviraprent in output state space uniformity is
obtained at the cost of higher crest factor, which consefpumduces the signal-to-noise ratio of the data
in a noisy data setting. As a result there is an inherent cfatéetween these objectives that needs to be
recognized. One way of addressing this issue in practigaitidesign is to include maximum crest factor
bounds as inequality constraints within the Weyl problemmfalation; these can be readily incorporated
in the numerical optimization framework described in thaper.

An important difference between these signal designs isrebd in the input spectra (Figure 3). In the
min CF () case, only the phases and a subset of the Fourier coeffigretiite high frequency range of the
multisine signal are chosen by the optimizer, while for theylAbased design, the optimization problem
includes a search fall Fourier coefficients and phases, including those corretipgrio the correlated
harmonics; this can be seen in Figure 3b. Not only do thega eegrees of freedom in the optimizer
contribute to the improved performance, they reduce thebmuraf decisions mada priori by the user,
leading to a more practical design procedure.

4.2 Application to Model-on-Demand Estimation and Predicive Control

We noted in the Introduction about the increasing imporaoicdata-centric (also referred to as data-
driven) modeling for nonlinear problems. In recent yeaetaetentric estimation methods have received



significant attention in the systems literature, and signfi@pplications have been reported (Kulhavy,
2003). One such novel concept for nonlinear identificatioth eontrol is the Model-on-Demand (MoD)
framework (Stenman, 1999), which is inspired by ideas frooal modeling and database systems tech-
nology (Atkesoret al. (1997a; 1997)). Conceptually, MoD represents a hybrid between localgiodal
modeling. In MoD estimation all observations are stored atatabase, and the models are built “on
demand” as the actual need arises. The Model on Demand fmeckties on small portions of the data
relevant to the region of interest to determine a model adewé-igure 5). The variance/bias tradeoff
inherent to all modeling is optimized locally by adapting tumber of data and their relative weighting.
From a practical standpoint, MoD estimation allows proeagsgineers to naturally extend insight gained
from linear modeling to nonlinear identification and cohtr&®ather than spending time in a difficult
structure selection and parameter initialization, the ea@ focus on developing informative datasets —
a common requirement for all nonlinear black-box identtfara approaches. The user can fully exam-
ine the uniformity of coverage the excitation signals preatliin the input and output spaces (as done in
the previous subsection) and better understand the imphasion the nonlinear model validation and
control problem. MoD can be formulated into a comprehensieghodology for nonlinear identification
and predictive control (Braun, 2001; Braehal.,, 2000). A Matlab-based tool for MoD estimation and
control, developed by ASU’s Control Systems Engineerifigptatory in collaboration with researchers
from the Division of Automatic Control at Linkdping Univaty is available in the public domain (Braun
et al, 2002).

First, open-loop Model-on-Demand (MoD) estimation is eeaéd for the Weischedel-McAvoy dis-
tillation column using for estimation purposes the dataiag from the signal designs described in the
Section 4.1. For validation purposes, a different datdreesignal with lower magnitude bounds was
considered, which is shown in Figure 6. For all cases, anigimgecond-order ARX structure with unit
delays is used in the MoD estimator, wkhin=20, kmax=756, and local polynomial order = 1 as additional
parameters (Brauet al., 2001; Stenman, 1999).

Analysis of the results shows that data resulting from the @iU) signal based on the standard
zippered spectrum provides the worst results of all threseca@onsidered. Because the input-output
data resulting from this signal lacks information contemthe [1 -1] output direction, it results in the
poorest prediction on the validation data set (Figure 7jy.d&aba resulting from the min C¥( signal with
modified spectrum, most of the output sequence is locateditse@inimum and maximum values, but
its corresponding MoD model still seems to produce readerakedictions in an open-loop sense with a
percent unexplained variance ab® (Figure 8). Nonetheless the MoD model estimated from teglW
based approach, because of the even state-space distrilresults in the most accurate predictions of all
signals considered, with a percent unexplained variarasedb 009% (Figure 9).

The min CFy{) and Weyl-based MoD models are subsequently evaluatedasead:loop setting using
the MoD-MPC Toolbox (Brauet al,, 2002); the min CR{) MoD model was not considered in the closed-
loop evaluation because a stable controller response cmildbe obtained. In both cases the tuning
parameters are PH=35, MH=15, Ywt=[1 0; 0 1] and Uwt=[7 0; 0 K]series of setpoint changes that
represent challenges to controller performance for a figitéractive plant such as high-purity distillation
are shown in Figure 10. While stable responses are obtamédth cases, the MoD-MPC controller
relying on the Weyl-based data shows faster settling tiages bvershoot, and less interaction than the
one resulting from the min C\ MoD model; these desirable performance features of thel-B&sed
MoD-MPC controller point to the effectiveness of this clagsignals for closed-loop control purposes in
a demanding process application.



5 Summary and Conclusions

The paper describes a novel constrained optimizationebfmenulation of the multisine input signal
problem. The objective function arises from the Weyl crier which seeks to minimize the geometric
discrepancy of the output in the state-space. As a consequémese signals can be used in support
of data-centric estimation algorithms. A problem formigdatthat helped understand design variables
in the Weyl objective was shown and illustrated via a nunarexample, culminating in a case study
demonstrating the effectiveness of the design procedugetimh purity distillation column, a challenging
nonlinear, multivariable process system. Validation &feyl-based signal design was accomplished in
the distillation column example under both open-loop amdetl-loop conditions. Clearly, the power of
the proposed framework lies in its flexibility, allowing tiser to incorporate both linear and nonlinear
models for output prediction, time-domain constraints] arformation and control-theoretic frequency
domain requirements. The use of state-of-the-art intgradint optimization methods enables the efficient
solution of these nonlinear and nonconvex optimizatior|ams.
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Table 1: Bound and move sizes used for Example Problem indbegt

Type SignalX) CF(X) PIPS(%) mafAx maxx min x
up 121 82.43 0.0025 0.0020 -0.0020
min CF () design; standard zippered up 1.22 81.77 0.0026 0.0020 -0.0020
spectrum y1 2.48 48.84 0.0037 0.0325 -0.0211
Y2 2.19 46.12 0.0031 0.0199 -0.0204
up 3.74 31.51 0.0100 0.0365 -0.0254

min CF{y) design; modified zippered

spectrum using NARX model prediction ;i i’gg 3‘7‘% 833?2 gggég 83522
|Au[ < 0.01,[Ay| < 0.008 & |y| < 0.0085 Vo 131 7701 00082 00087 -0.0086
data-centric experiment using NARX model Eé g;g igg 838;2 gggig 83322
via a modified zippered spectrum subject te - . . - .

y1 1.79 56.54 0.0062 0.0084 -0.0082
|Au] < 0.01,[Ay| < 0.08 & |y| < 0.0085 Vo 176 5713 00053 00082 -0.0083

Table 2: Results summary for signals designed for the WedlhMcAvoy distillation column Case
Study.
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Figure 2: Output state space comparison for the Exampldegls = 1072 and 10°, L =3
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Weyl-based design (b)
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Figure 7: MoD estimation and validation results for WeistdeMcAvoy distillation column data arising
from a min CF (1) signal using the standard zippered spectrum design.
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Figure 8: MoD estimation and validation results for WeistéleMcAvoy distillation column data resulting
from a min CF y) signal with modified zippered spectrum design.
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Figure 9: MoD estimation and and validation results for \Weedel-McAvoy distillation column data
resulting from the Weyl-based signal design.
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