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COMPLEXITY OF GRADIENTS,
JACOBIANS, AND HESSTANS, 5S4
The evaluation or approximation of derivatives
is a central part of most nonlinear optimization
calculations. The gradients of objectives and ac-
tive constraints enter directly into the Kuhn—
Tucker—Karush conditions so that inaccuracies
in their evaluation limit the achievable solu-
tion accuracy. The latter depends also crucially
on the conditioning of the projected Hessian of
the Lagrangian. Hence accurate values of this
symmetric matrix allow the design of appropri-
ate stopping criteria including the verification
of second order conditions. Second derivatives
also facilitate a rapid final rate of convergence,
provided the step-defining linear systems can be
solved by factorization or iteration at a reason-
able cost. The same observation applies to more
general optimization calculations like the solu-
tion of nonlinear complementarity problems.
Whether or not the obvious benefits of evalu-
ating first and higher derivatives accurately jus-
tify the costs incurred, does strongly depend on
the suitability of the differentiation method em-
ployed for the particular problem at hand. We
may distinguish five principal options for evalu-
ating or approximating derivatives
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‘Numerical’ Differentiation Methods. The
last two options are widely used in practical op-
timization, primarily because they require no ex-
tra effort whatsoever on the part of the user.
Difference quotients are often called divided dif-
ferences or finite differences, though the last
term invites confusion with a related method for
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discretizing differential equations. Other popu-
lar labels are differencing or numerical differ-
entiation, because the results are floating point
numbers rather than algebraic expressions. The
latter are often presumed to be the output of
more symbolic methods. Even though we shall
see that the distinction is not quite that easy,
there is no doubting the importance of the fun-
damental relation

d .
%F(m—l—am)‘azo

= é[F(m—}-ga’c) ~ F(z)] + O(e) .

Fl(z) i =

Here the vector function F : R” — R™ is as-
sumed Lipschitz-continuously differentiable on
some neighborhood of the base point z € R™.
In other words, the directional derivative of F
along some vector & € R is the product of the
Jacobian matrix F’(z) € R™*” with the direc-
tion ¢ and it can be approximated by a differ-
ence quotient. The quality of this approximation
depends strongly on the choice of £ and one must
expect a halving in the number of significant
digits under the best of circumstances. Quasi-
Newton, or Secant, Methods may be viewed as
an ingenious way of sequentially incorporating
difference quotients into a Jacobian approxima-
tion while iterating towards the solution vector
of a nonlinear system of equations. The corre-
sponding theory of superlinear convergence is
quite beautiful from a mathematical point of
view, though perhaps not terribly relevant in
practice for large, structured problems.

It is important to note that the quality of
the approximate derivative matrices g enerated
by Quasi-Newton methods influences only the
rate of convergence but not so much the solu-
tion accuracy itself. The latter depends on the
accurate evaluation of residual vectors, which
may be composed of gradients as in the case
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for the KKT conditions. The importance of ac-
curate residual values is particularly well under-
stood in numerical linear algebra, and replacing
them with approximations of uncertain reliabil-
ity is generally a dicy proposition. Fortunately,
it just so happens that gradients can usually be
evaluated with working precision at a moderate
cost relative to that of the underlying functions.
This is far from true for Jacobians and Hessians,
whose cost is very hard to predict (and even de-
fine) as we shall demonstrate further below on
various examples.

The relative cost of evaluating one sided-
difference quotients in p directions & from the
same base point z is clearly (p 4+ 1). Theoreti-
cally one might sometimes reduce the evaluation
costs by exploitinig the fact that the p points
x 4 ei are close to z. This proximity may arrise
in the topological sense that the step size ||Z||
is small as well as in the structural sense that
& is sparse and thus leaves many components of
x unchanged. In practice such savings are rarely
realized and they would certainly destroy the
main advantage of differencing, namely its black
box quality, which does not require any insight
or access to the process by which function values
are generated. Of course, there is the optimistic
assumption that they vary smoothly as a func-
tion of the argument z, and usually the selection
of a suitable increment ¢ causes enough trouble
for the user and possibly even quite a few extra
trial evaluations.

Hence it is indeed fair to assume that one-
sided or centred differences in p directions & at
a common z require 1 4+ p or 1 4 2p separate
function evaluations but little extra storage. By
letting « range over all n Cartesian basis vectors
one obtains an approximate Jacobian with first
or second order accuracy at the cost of 1+ n or
1 4 2n function evaluations. The number of de-
pendent variables does not matter for differenc-
ing so that the cost of a gradient, where m = 1,
is also 1+ mn or 14 2n times that of the underly-
ing scalar function. To compute Hessian or more
generally full second derivative tensor one needs
n(n+1)/2 function evaluations for one-sided and

column incidence graph
analytical differentiation
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twice that many for the more accurate centred
differences.

Since multiple function evaluations are an
‘embarrassingly’ parallel task the availability
of several processors can be used to achieve a
nearly perfect speed up for derivative approxi-
mations by differencing. In the sparse case, the
number of independent variables n can be re-
placed in the cost ratios above by a number
p < n that represents either the maximal num-
ber of nonzeros in any row of /() or the usually
slightly larger chromatic number of the column
incidence graph. The latter reduction can be
achieved by the by now classical grouping or col-
oring technique originally due to Curtis—Powell-
Reid [5] and further developed by Coleman—
Moré [3]. An alternative way to compress the
rows of the Jacobian even further at the ex-
pense of some linear equation solving is due to
Newsam—Ramsdell [12] and has recently been
adopted to automatic differentiation.
‘Analytical’ Differentiation Methods. The
first three options listed at the beginning are
based on the chain rule and may therefor be
combined under the label analytical differenti-
ation. They all would yield exact derivative val-
ues if real arithmetic could be performed in in-
finite precision. Moreover, even the actual se-
quence of operations performed to evaluate a
particular partial derivative would quite likely
be the same and thus yield identical results if the
same floating point arithmetic was used. Only
the way in which the instruction for this floating
point calculation are generated and stored dif-
fer significantly between the three approaches.
Also, there may be more or less recalculation of
intermediates that are common to several par-
tial derivatives, which can have drastic effects
on the computational efficiency.

The result of the second option handcoding
may in principle be always similarly obtained
by symbolic or automatic differentiation, pro-
vided the computer algebra package or the dif-
ferentiation software is sufficiently smart. Hence
we will discuss only the pure options one and
three, which might of course also be combined
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by a highly sophisticated programmer or soft-
ware tool.

Symbolic differentiation is usually performed
in computer algebra packages like Maple, Mathe-
matica and Reduce. Most users have the notion
that the differentiation command in these so-
phisticated systems turn formulas for functions
into formulas for derivatives. Moreover there is
a tendency to assume that having a ‘formula’
means directly expressing dependent variables
as algebraic expressions of independents with-
out allowing any named intermediates. T'he nat-
ural data structure for such formulas would be
expression trees. There are every node has only
one parent, so that the whole thing can be eas-
ily linearized and printed by enumeration in a
depth first order. In reality computer algebra
packages do not restrict themselves to expres-
sion trees, because for any nontrivial function
the corresponding tree structure is very likely to
represent an incredible amount of redundancy,
even before any differentiation takes place.
The Two-Stranded Chain Scenario. Con-
sider for example a sequence of complex function
evaluations

That + 1Ykt = Or(e +iyr) + 0 (2k + T yx)

for k=0...l—1 starting from some initial
zo + tyo € C. Suppose all function pairs ¢+t
are nonlinear and don’t allow any algebraic sim-
plifications. Then eliminating the intermediates
x1 and y; yields the formula

zy + 1Yz = ¢1(¢o(T0, Yo) + iPo(To, Yo))
+ ¥1(¢o(zo, yo) + iPo(zo, Yo)) ,

which involves already twice as many terms as
the one-level original formula. The same dou-
bling occurs at each subsequent level so that ex-
pressing z; and g; directly in terms of the initial
components zg and gy yields an exponentially
long formula with the symbols zg and gy each
occurring exactly 2! times. In this case one could
avoid the highly undesirable expression swell by
merely substituting z; = x; + tyg, which turns

computer algebra
redundancy
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the binary expression tree into a simple chain of
the same height [.

While this example may appear rather al-
gebraic and somewhat contrived, exactly the
same effect occurs if the real pairs (2, yx) spec-
ify straight lines in the plane. Specifically, one
might think of light-beams being reflected in a
maze of mirrors or some other optical arrange-
ment in the plane. Each ray (zx,yx) that is in-
coming to a mirror or lense uniquely determines
an outgoing ray (41, Yk+1) via some simple al-
gebraic relationship. Then expressing the final
ray parameters (z,y;) directly as functions of
the initial parameters (zg,yo) will again yield
an expression of size 2.

Rather than dealing with this algebraic mon-

ster one should of course keep all the intermedi-
ate pairs (zx, yx) with 0 < k& <[ as named vari-
ables. Along this chain one can easily propagate
all information of interest, including the 2 x 2
Jacobian of (zr,yx) with respect to (zo, o), at
a temporal and spatial complexity of order [.
To achieve this result one may employ suitable
variants of computer algebra, automatic differ-
entiation or, of course, hand-coding. Before dis-
cussing them in more detail let us discuss a
general model of function and derivative eval-
uations.
The Computational Model. All analytical
differentiation methods are based on the obser-
vation that most vector functions F of practical
interest are being evaluated by a sequence of as-
signments

vi = @i(vj)jci fori=1...04m . (1)

Here the the variables v; are real scalars and the
elemental functions ¢; are either binary arith-
metic operations or univariate intrinsics. Conse-
quently, only one or two of the partial derivatives

0
i = il

do not vanish identically and can be evaluated
at a cost comparable to that of the underlying
; itself.

Without loss of generality we may re-
quire that the first n variables v;_, =x;
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with j = 1...n represent the independent vari-
ables and the last m variables y; = v;4; with
t=1...m represent the dependent variables.
Then the function y = F(z) is defined by the
program(1). Here the nonnegative integer [ rep-
resents the number of intermediate variables,
which we expect to be much larger than both
n and m for seriously nonlinear problems. We
will also assume that within a small constant all
elemental functions have the same complexity so
that we have the approximate operations count

OPS(x B8 ) ~ | = #intermediates .

Throughout this article ~ means proportional
with small constants that are independent of the
particular problem at hand. Each intermediate
variable may be viewed and thus later differen-
tiated as a function v; = v;(2) of the indepen-
dent variable vector . As long as all intermedi-
ates v; are stored in separate locations the mem-
ory requirement for evaluating F will also be be
proportional to [. This is a very unrealistic as-
sumption as most evaluation programs involve
shared allocation of intermediates. Due to space
constraints we will not be able to discuss any as-
pects of spatial complexity in this article. For a
detailed treatment of various trade-offs between
space and time see [6].

The way in which the elemental partials c;;
are handled differs amongst various analytical
differentiation methods. They are always evalu-
ated as floating point numbers at the current ar-
gument in what is variously known as automatic
or algorithmic or computational differentiation.
The same can be assumed for hand written
derivatives codes unless they are programmed
within a computer algebra system, where the ¢;;
can be defined and manipulated as algebraic ex-
pressions. In some cases applying the chain rule
to these expressions may theoretically lead to
significant simplifications and thus potentially
provide the user with analytical insight. In the
following section we reverse engineer one such

independent variables
dependent variables
automatic

algorithmic

computational differentiation
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class of examples and arrive at the tentative con-
clusion that the practical potential for symbolic
simplifications during the differentiation process
appears to be very slim indeed.

Indefinite Integral Scenario. Suppose

ra = [ r@/e@ a

for two polynomials P(z) and Q(Z) with
deg(Q)) > deg(P). Besides a rational term the
symbolic expression for F(z) is then likely to
contain a welter of logarithms and arcus tan-
gents, whose complexity may easily exceed that
of the integrand f(z) = P(z)/Q(z) by orders
of magnitude. Then fully symbolic differentia-
tion will of course lead back to an algebraic ex-
pression for f(z), while automatic differentia-
tion will combine the ¢;; in floating point arith-
metic according to some variant of the chain rule
and obtain ‘just’ a numerical value of f(z) at
the given point z € R. Moreover, due to can-
cellations that value may well be less accurate
than that obtained by plugging the particular
argument z into the formula for f(z).

However, similar numerical instabilities are
likely to already affect the evaluation of I'(z)
itself. They may also show up in the form of
an imaginary component when the coefficients
of P(z) and Q(z) are real but given in float-
ing point format. Then the roots of the denom-
inator polynomial are already perturbed by un-
avoidable round off and symbolic differentiation
of the resulting expression for F(z) will usually
not lead back to f(x) but some other rational
function with a higher polynomial degree in the
numerator or denominator. To avoid this effect
all coefficients of f(z) must be specified as alge-
braic numbers so that the symbolic integration
can be performed exactly. This process which
typically involves rational numbers with enor-
mous coefficients and thus requires a large com-
putational effort.
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Hence on practical models one may well be
better advised to evaluate F(z) by a numeri-
cal quadrature yielding highly accurate results
at a fraction of the computing time. Analyti-
cally differentiating a nonadaptive quadrature
procedure yields the same quadrature applied
to the derivatives of the integrand, namely
f'(z) = F"(z). Hence the resulting values are
quite likely to be good approximations to the
original integrand f(z) and they are the exact
derivatives of the approximate values computed
for F'(z) by the quadrature.

Lack of Smoothness. Adaptive quadratures
on the other hand may vary grid points and
coefficient values in a nondifferentiable or even
discontinuous fashion. Then derivatives of the
quadrature value may well not exist in the clas-
sical sense at some critical arguments z. This dif-
ficulty is likely to arise in the form of program
branches in all substantial scientific codes and
there is no agreement yet on how to deal with
it. In most situations one can still compute one-
sided directional derivatives as well as general-
ized gradients and Jacobians [6]. Naturally, com-
puting difference quotients of nonsmooth func-
tions is also a risky proposition. Generally, op-
timal results in terms of accuracy and efficiency
can only be expected from a derivatives code de-
veloped by a knowledgeable user, possibly with
the help of program analysis and transformation
tools.

Predictability of Complexities. With re-
gards to spatial and temporal complexity the fol-
lowing basic distinction applies between the an-
alytical differentiation methods sketched above.
The cost of fully symbolic differentiation seems
impossible to predict. It can sometimes be very
low due to fortuitous cancellations but it is more
likely to grow drastically with the complexity of
the underlying function. In contrast the relative
cost incurred by the various modes of automatic
differentiation can always be a priori bounded
in terms of the number of independent and de-
pendent variables. Moreover, as we will see be-
low these bounds can sometimes be substantially
undercut for certain structured problems.

Another advantage of automatic differentia-
tion compared to a fully symbolic approach is
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that restrictions and projections of Jacobians
and Hessians to certain subspaces of the func-
tions domain and range can be built into the
differentiation process with a corresponding sav-
ings in computational complexity. In the remain-
der of this article we will therefore focus on the
complexity of various automatic differentiation
techniques; always making sure that no other
known approach is superior in terms of accu-
racy and complexity on general vector functions
defined by a sequence of elemental assignments.

Goal Oriented Differentiation. The two-
stranded chain scenario above illustrates the
crucial importance of suitable representations of
the mathematical objects, whose complexity we
try to quantify here. So one really has to be more
specific about what one means by computing a
function, gradient, Jacobian, Hessian, or their
restriction and projection to certain subspaces.
At the very least we have to distinguish the (re-
peated) evaluation in floating point arithmetic
at various arguments from the preparation of
a suitable procedure for doing so. This prepa-
ration stage comes actually first and might be
considered the symbolic part of the differentia-
tion process. It usually involves no floating point
operations, except possibly the propagation and
simplification of some constants. This happens
for example when a source code for evaluating F
is precompiled into a source code for jointly eval-
uating F'(z) and its Jacobian F’(z) at a given
argument z. In the remainder we will neglect
the preparation effort presuming that it can be
amortized over many numerical evaluations as is
typically the case in iterative or time-dependent
computations.

In general, it is not a priori understood that
F'(z) should be returned as a rectangular ar-
ray of floating point numbers, especially if it
is sparse or otherwise structured. lts cheap-
est representation is the sparse triangular ma-
trix C=C(z) = (cz-j)jzl_n"'l"'m

i=l—n..l+m"
entries in C' can be obtained during the eval-

The nonzero

uation of F' at a given z for little extra cost in
terms of arithmetic operations so that

OPS{z+— C} ~OPS{z 2% I}
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As we will see below the nonzeros in C allow
directly the calculation of the products

F'(m) zeR™ for ze€R”
and
Fl(z)T g7 e R® for gl e R™

using just one multiplication and addition per
c;j Z 0. So if our goal is the iterative calculation
of an approximate Newton-step using just a few
matrix-vector products, we are well advised to
just work with the collection of nonzero entries
of C' provided it can be kept in memory. If on the
other hand we expect to take a large number of
iterations or wish to compute a matrix factoriza-
tion of the Jacobian we have to first accumulate
all mn partial derivatives dy;/0z; from the el-
emental partials ¢;;. It is well understood that
a subsequent inplace triangular factorization of
the Jacobian F’(z) yields an ideal representa-
tion if one needs to multiply itself as well as its
inverse by several vectors and matrices from the
left or right. Hence we have at least three possi-
ble ways in which a Jacobian can be represented
and kept in storage

unaccumulated computational graph,
accumulated rectangular array,
factorized two triangular arrays.

Here the arrays may be replaced by sparse ma-
trix structures. For the time being we note that
Jacobians and Hessians can be provided in vari-
ous representation at various costs for various
purposes. Which one is most appropriate de-
pends strongly on the structure of the problem
function F'(z) at hand and the final numeri-
cal purpose of evaluating derivatives in the first
place. The interpretation of C' as computational
graph goes back to Kantorovich and requires a
little more explanation.

The Computational Graph. With respect to
the precedence relation

Cij?éo
theindices i, € V=[1 —n...l 4+ m] form a di-

rected graph with the edge set E. Since by as-
sumption j < ¢ implies j < ¢ the graph is acyclic

j<i <= = (j,1) € F,

and the transitive closure of < defines a par-
tial oder between the corresponding variables v;

accumulate
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and v;. The minimal and maximal elements with
respect to that order are exactly the indepen-
dent and dependent variables v;_, = wx; with
j=1...n and the v,y =y; with e =1...m,
respectively. For the two stranded chain scenario
with | = 3 one obtains a computational graph
of the following form.

Assuming that all elemental ¢; are unary
functions or binary operations we find |F| <
2(l 4+ m) ~ [. One may always annotate the
graph vertices with the elemental functions ¢;
and the edges with the nonvanishing elemental
partials c;;. For most purposes the ¢; do not
really matter and we may represent the graph
(V, F) simply by the sparse matrix C.

Mode.
& = (0j=p)j=1..n € R" there exist derivatives

Forward Given some  vector

for 1<i<[l+m.

0 = —uvi(z + ai)

do

a=0
By the chain-rule these ©; satisfy the recurrence

v = E ci;v; for 1=1..
j=<i

d+m . (2)

The resulting tangent vector § = (014i)il1..m
satisfies by y = F'(z)z and it is obtained at
a cost proportional to [. Instead of propagat-
ing derivatives with respect to just one direc-
tion vector # one may amortize certain over-
heads by bundling p of them into a matrix
X € R™? and then computing simultaneously
Y = F'(z)X. The cost of this wvector forward
mode of automatic differentiation is given by

OPS{C S VY mpl~pOPS{z %y}

If the columns of X are Cartesian basis vec-
tors e; € R™ the corresponding columns of the
resulting Y are the jth columns of the Jaco-
bian. Hence by setting X = I with p = n we
may compute the whole Jacobian at a tempo-
ral complexity proportional to nl. Fortunately,
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in many applications the whole Jacobian is ei-
ther not needed at all or due to its sparsity pat-
tern it may be reconstructed form its compres-
sion Y = F'(z)X for a suitable seed matriz X,
As in the case of difference quotients this ma-
trix may be chosen according to the CPR [5] or
the NR[12] approach with p usually close to the
maximal number of nonzeros in any row of the
Jacobian.

Bauer’s Formula. Using the recurrence for the
¥; given above one may also obtain an explicit
expression for each individual partial 0y;/0z;.
Namely, it is given by the sum over the prod-
ucts of all arc values ¢;; along all paths connect-
ing the minimal node v;_, with the maximal
node v;4;. This formula due to Bauer [1] implies
in particular that the ¢jth Jacobian entry van-
ishes identically exactly when there is no path
connecting nodes j —n and [+ in the computa-
tional graph. In general the number of distinct
paths in the graph is very large and it represents
exactly the lengths of the formulas obtained if
one expresses each y; directly in terms of all z;
that it depends on. Hence we may conclude

OPS{C 22 1} ~ OPS{z By | (3)

In the two-stranded chain scenario considered
above, both operations count would be of or-
der 2¢, which is obviously an unacceptable effort.
Fortunately, vector forward and Bauer’s formula
are just two special choices amongst many ways
for accumulating the Jacobian F'(z) from the
computational graph C'. The most celebrated al-
ternative is the reverse or backward mode of au-
tomatic differentiation.

Reverse Mode. Rather than propagating di-
rectional derivatives v; forward through the
computational graph one may also propagate
adjoint quantities v; backward. To define them
properly one must perturb the original evalua-
tion loop by rounding errors é; so that now

v, = 5¢+§0¢(U‘7‘)j<¢ for i=1—-mn...[.

Then the resulting vector y is a function not only
of x but also the vector of small perturbations
(6:)i=1—n..1+m- Given any row vector of weights
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U = (D144)i=1...n We obtain the sensitivities

v; = i’ for

l-n<i<l

where all other perturbations §; with j # ¢ are
set to zero during the differentiation. The ad-
joint components v;_,, = Z; form the row vector
T =yF'(z) € R", which is simply the gradient
of the linear combination §F(z). In the opti-
mization context this scalar valued function is
usually a Lagrangian, whose gradient and Hes-
sian figures prominently in the first and second
order optimality conditions. T'he amazing thing
is that as a consequence of the chain rule such
gradients can be computed at the same cost as
tangents by using the backward recurrence

@i:Z@iCij for j=I[...1-n. (4)

(el
Just like in the forward scalar recurrence (2)
each elemental partial ¢;; # 0 occurs exactly
once and we may amortize costs by bundling
several 7 into an adjoint seed matrix Y € R?X™,

This vector reverse mode yields the matrix
X =Y F'(z) € R™*™ at the cost

OPS{C % X} ~ gl ~ qOPS{z P8y}

Again the whole Jacobian is obtained directly if
we seed X = I with ¢ = m and in the sparse
case we may now employ column rather than
row compression with ¢ roughly equal to the
maximal number of nonzeros in any column of
F'(z). Hence we find by comparison with (3) as
a rule of thumb that the reverse mode is prefer-
able if m < n, i.e., if there are not nearly as
many dependents as independents. In classical
NLP’s we may think of m as the number of ac-
tive constraints plus one, which is often much
smaller then n, the number of variables. In un-
constrained optimization we have m = 1 so that
the gradient of the objective I can be computed
with essentially the same effort as F itself.

For suitable seeds Y the column compression
X = YF'(z) allows the reconstruction of the
complete Jacobian F’(z). Furthermore, row and
column compression can be combined yielding
for example Jacobians with arrow head struc-
ture at the cost of roughly p + ¢ = 3 function
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evaluations. In that case one may use

11
0 0

10

T
v — T
0 1] and Y =e¢,, .

i=|
Then X = Y I'(z) is the last row of the ar-
rowhead matrix F’(z) and the two columns of
Y = F'(z)X contain all other nonzero entries.
For pure row or reverse compression dense rows
or columns always force p = n or ¢ = m, respec-
tively. Hence the combination of forward and re-
verse differentiation offers the potential for great
savings. In either case projections and restric-
tions of the Jacobian to subspaces of the vector
functions domain and range can be built into
the differentiation process, which is part of the
goal-orientation we alluded to before.
Second Order Adjoints. Rather than sep-
arately propagating some first derivatives for-
ward, others reverse, and then combining the
results to compute Jacobian matrices efficiently,
one may compose these two fundamental modes
to compute second derivatives like Hessians of
Lagrangians. More specifically, we obtain by di-
rectional differentiation of the adjoint relation
T = yF'(z) the second order adjoint

&= yF"(2)i € R™.

Here we have assumed that the adjoint vector
y is constant. We also have taken liberties with
matrix vector notation by suggesting that the
m X n x n derivative tensor F'(z) can be multi-
plied by the row vector y € R™ from the left and
the column vector # € R” from the right yielding
a row vector z of dimension n. In an optimiza-
tion context § should be thought of as a vector
of Lagrange multipliers and & as a feasible direc-
tion. By composing the complexity bounds for
the reverse and the forward mode one obtains
the estimates

orPS{z 2%y} ~ oPS{a 2% i

~ OPS{z &% 3} ~ OPS{z % 3)

Here ad represents reverse differentiation fol-
lowed by forward differentiation or vise versa.
The former interpretation is a little easier to
implement and involves only one forward and
one backward swept through the computational
graph.
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Operations Counts and Overheads. From a
practical point of view one would of course like
to know the proportionality factors in the re-
lations above. If one counts just multiplication
operations then g and Z are at worst 3 times as
expensive as y and Z is at most 9 times as expen-
sive. A nice intuitive example is the calculation
of the determinate y of a \/n x \/n matrix whose
entries from the variable vector z. Then we
have m = 1 and OPS{z — y} = %\/53 +O(n)
multiplications if one uses an LU factorization.
Then it can be seen that y = 1/y makes z
the transpose of the inverse matrix and the re-
sulting cost estimate of v\/ﬁg + O(n) multiplica-
tions conforms exactly with the usual substitu-
tion procedure.

However, these operations count ratios are no
reliable indications of actual runtimes, which de-
pend very strongly on the computing platform,
the particular problem an hand, and the charac-
teristics of the AD tool. Implementations of the
vector forward mode like ADTFOR [2] that gen-
erate compilable source codes can easily com-
pete with divided differences, i.e. compute p di-
rectional derivatives in the form Y = F’(ac)X
at the cost of about p function evaluations. For
sizeable p & 10 they are usually faster than di-
vided differences, unless the roughly p-fold in-
crease in storage results in too much paging onto
disk. The reverse mode is an entirely different
ball-game since most intermediate values v; and
some control flow hints need to be first saved and
later retrieved, which can easily make the calcu-
lation of adjoints memory bound. This memory
access overhead can be partially amortized in
the vector reverse mode, which yields a bundle
X = YF'(z) of ¢ gradient vectors. For exam-
ple in multi-criteria optimization one may well
have ¢ &~ 10 objectives or soft constraints, whose
gradients are needed simultaneously.

Worst Case Optimality. Counting only mul-
tiplications we obtain for Jacobians F’ € R™*"
the complexity bound

OPS{x s F'} < 3min(n, m) OPS{z E=% y} .

Here m and m can be reduced to the maxi-
mal number of nonzero entries in the rows and
columns of the Jacobian, respectively. Similarly,
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we have for the one-sided projection of the La-
grangian Hessian

m
H(z,g) = gF" =) 5V F; € R™"
=1

onto the space spanned by the columns of X

OPS{z X H(z, )X} < 9p OPS{z =8 y} .

As we already discussed for indefinite inte-

grals there are certainly functions whose deriva-
tives can be evaluated much cheaper than they
themselves for example using a computer al-
gebra package. Note that here again we have
neglected the preparation effort, which may
be very substantial for symbolic differentiation.
Nevertheless, the estimates given above for AD
are optimal in the sense that there are vector
functions F(x) defined by evaluation procedures
of the form (1), for which no differentiation pro-
cess imaginable can produce the Jacobian and
projected Hessian significantly cheaper than the
given cost bound divided by a small constant.
Here, producing these matrices is understood
to mean calculating all its elements explicitly,
which may or may not be actually required by
the overall computation.

Consider for example the cubic vector func-
tion

F(z)=z+ba'2)®/2 with a,becR".
Its Jacobian and projected Hessian are given by
Fi(z) = I+b (aTx)2 al ¢ R™*"
and
H(z,))X = 2a(yb)(a"z)d"X e R™*7.

For general a,b and X all entries of the ma-
trices F'(z) and H(z,y)X are distinct and de-
pend nontrivially on x. Hence their explicit cal-
culation by any method requires at least n?
or n p arithmetic operations, respectively. Since
the evaluation of [’ itself can be performed us-
ing just 3n multiplications and a few additions,
the operations count ratios given above cannot
be improved by more than a constant. There
are other more meaningful examples [6] with
the same property, namely that their Jacobians
and projected Hessians are orders of magnitude

redundancy

file: complex8

more expensive than the vector function itself.
At least this is true if we insist on represent-
ing them as rectangular arrays of reals. This
does not contradict our earlier observation that
gradients are cheap, because the components of
F(z) cannot be considered as independent scalar
functions. Rather their simultaneous evaluation
may involve many common subexpressions, as is
the case for our rank-one example. These appear
to be less beneficial for the corresponding deriv-
ative evaluation, thus widening the gap between
function and derivative complexities.

Redundant?? The rank-one

problem and similar examples for which explicit

Expensive =

Jacobians or Hessians appear to be expensive
have a property that one might call redundancy.
Namely, as x varies over some open neighbour-
hood in its domain, the Jacobian F’(z) stays in
a lower-dimensional manifold of the linear space
of all matrices with its format and sparsity pat-
tern. In other words, the nonzero entries of the
Jacobian are not truly independent of each other
so that computing them all and storing them
separately may be wasteful. In the rank-one ex-
ample the Jacobian F”(z) is dense but belongs
at all z to the one-dimensional affine variety
{I + baa™ : @ € R}. Note that the vectors
a,b € R are assumed to be dense and constant
parameter vectors of the problem at hand. Their
elements all play the role of elemental partials ¢;;
with the corresponding operation ¢; being mul-
tiplications. Hence accumulating the extremely
sparse triangular matrix C', which involves only
O(n) nonzero entries, to the dense n X n array
F'(z) is almost certainly a bad idea, no mat-
ter what the ultimate purpose of the calcula-
tion. In particular, if one wishes to to solve lin-
ear systems in the Jacobian, the inverse formula
of Sherman—Morris—Woodburry provides a way
of computing the solution of rank-one pertur-
bations to diagonal matrices with O(n) effort.
This formula may be seen as a very special case
of embedding linear systems in I into a much
larger and sparse linear system involving C' as
demonstrated in [8] and [4].

As of now, all our examples for which the ar-
ray representation of Jacobians and Hessians are
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orders of magnitude more expensive to evaluate
than the underlying vector function exhibit this
redundancy property. In other words, we know
of no convincing example where vectors that one
may actually wish to calculate as end products
are necessarily orders of magnitude more expen-
sive than the functions themselves. Especially
for large problems it seems hard to imagine that
array representations of the Jacobians and Hes-
sians themselves are really something anybody
would wish to look at rather than just use as
auxiliary quantities within the overall calcula-
tion.

So evaluating complete derivative arrays is a
bit like fitting a handle to a wooden crate that
needs to be moved about frequently. If the crate
is of small weight and size this job is easily
performed using a few wood screws. If, on the
other hand, the crate is large and heavy, fitting
a handle is likely to require additional bracing
and other reinforcements. Moreover, this effort
is completely pointless since nobody can just
pick up the crate by the handle anyhow and one
might as well use a fork left in the first place.
Preaccumulation and Combinatorics. The
temporal complexity for both the forward and
the reverse (vector) mode are proportional to
the number of edges in the linearized compu-
tational graph. Hence one may try to reduce
the number of edges by certain algebraic ma-
nipulations that leave the corresponding Jaco-
bian, i.e., the linear mapping between Z and
y = F'(z)& and equivalently also that between
y and Z = §F'(z) unchanged. It can be easily
checked that this is the case if given an index j
one updates first

Cikt = Cij Cjk

either for fixed 72 > j and all £ < 7, or for fixed
k < j and all « > j, and then sets ¢;; = 0 or
c;x = 0, respectively. In other words, either the
edge (7,1) or the edge (k,7) is eliminated from
the graph. This leads to fill-in by the creation
of new arcs, unless all updated ¢;;. were already
nonzero beforehand. Eliminating all edges (k, j)
with &£ < j or all edges (j,7) with i > j is equiv-
alent and amounts to eliminating the vertex j
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completely from the graph. After all intermedi-
ate vertices 1 < j < [ are eliminated in some
arbitrary order, the remaining edges ¢;; directly
connect independent variables with dependent
variables and are therefore entries of the Jaco-
bian F’(z). Hence, one refers to the accumula-
tion of the Jacobian F’ if all intermediate nodes
are eliminated and to preaccumulation if some of
them remain so that the Jacobian is represented
by a simplified graph.

As we have indicated in the section on goal

oriented differentiation one would have to care-
fully look at the problem function and the
overall computational task to decide how much
preaccumulation should be performed. More-
over, there are {! different orders in which a par-
ticular set of [ < [ intermediate nodes can be
eliminated and even many more different ways
of eliminating the corresponding set of edges. So
far there have only been few studies of heuris-
tic criteria for finding efficient elimination or-
derings down to an appropriate preaccumulation
level [6].
Summary. First and second derivative vec-
tors of the form gy = F'(z)%, z =gyF'(z) and
T = yF"(z)% can be evaluated for a fixed small
multiple of the temporal complexity of the un-
derlying relation y = F(z). The calculation of
the gradient # and the second order adjoint z
by the basic reverse method may require stor-
age of order [ = #intermediates. This possibly
unacceptable amount can be reduced to order
log(/) at a slight increase in the operations count
(see [7]).

Jacobians and one-sided projected Hessians
can be composed column by column or row by
row from vectors of the kind v, # and z. For
sparse derivative matrices row and/or column
compression using suitable seed matrices of type
CPR or NR allow a substantial reduction of the
computational effort. In some cases the nonzero
entries of derivative matrices may be redundant,
so that their calculation should be avoided, if
the overall computational goal can be reached in
some other way. The attempt to evaluate deriv-
ative array with absolutely minimal effort leads
to hard combinatorial problems.
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