The parabolic control problem is given by
minimize

fly,u) = ;/l( (z,T) — yr(z))*dx + = / (t)%dt
+/ ay()y(l,t) + au(t)u(t))dt, @ >0

subject to
Yt — Yz = 0 in (Oal) X (O’T)
y(z,0) = a(x) in (0,0)
yz(0,t) =0 in (0,7)
ya(l, 1)+ By(l,t) =b(t) + u(t) — e(y(l,1)) in (0,T)
a; <u(t) <ag in (0,7)
a3 < y(z,t) < a4 in (0,1) x (0,7)

As problem 5.1 this is solved without state constraints and with the fol-

lowing data

2
l:7T/4, T:]_, a:£(62/3_61/3)

2
yr(z) = (e+e')cosz, a1 =0, ay=1
2
a(z) =cosz, ay(t) = a,(t) = \g_el/?’
et — el/3
b(t) = — min (1 max ( S TE. 61/3))

o(y) = y\y\3, B=1.

A local optimum for this problem is the pair (7, u),

y(z,t) = e cosx

_ . et —el/?
'U,(t) = min (]_7 max (O, m)) .



As example 5.2 the above control problem is solved with the data

a(z) =0, ay(t) =0, au(t)=0, (2)
(I) b(t) =0, <p(y) =0, B=1
(IT) b(t) =0, ¢(y)=y° B=0

(I as(IT)and a3 =0, a4=.675

Example 5.2.1V is the instationary Burgers equation
Yt = VYzz — YYz 1IN (0, l) X (0: T)
with same data as for case (II) above with v = .01 and the control bounds

a1 = 0.1, ap = 0.6 both of which become active in the solution.

Problem 5.400 is the same as problem 5.2-1 except for a = .05 and the
state constraints a3 = —1, a4 =1

Problem (P) is given by
Minimize

T = 31 Tqole,)(y(w,t) = yale, 0)? dude + 5 [u2(0) de

T (3)
+Jlay(0)y (1, 1) + au(t)u(t)] dt
subject to
yt(_yz§ = €Q in ?l)
z,0) = 0 in (0,
(08 = 0 in  (0,7) @)
v, 1) + (1, 1) = es(t)+u(t) in (0,7)



and to

ug < u(t) <up, ae. in (0,7), (5)

//Qy(x,t) dxdt < 0. (6)

In this setting, T, v, | > 0, u, < uy are fixed real numbers, @ = (0,1) x (0, 7).
Functions «, yq4, and eg are given in L™(Q), and ay, a,, ey are fixed in
L*>(0,T). We shall denote the set of admissible controls by U,y = {u €
L>(0,7),|ug <u<u, ae €(0,T)}

Problem (P) is nonconvex, since the state equation is semilinear. Its nonlin-
earity y? is not of monotone type, hence standard results on existence and
uniqueness of solutions to (4) do not apply.

We fix here the following quantities in (P):

T = 1,l=m u,=0, up, =1, v =0.004

a, € R, tel0,1/4]
ety = {0 e

Q
—8

(1 = (2 = t)cosa), te0,1/2]
{ (1-(@2—-t—afz,t)(t—1/2)%)cosz, te (1/2,1],

a(z,t)

=

, tel0,1/2]
ay(t) = { 20t —1/2)2(1 — 1), te(1/2,1],

ay(t) = v+1— (1420w,

0, t€10,1/2]
eq(t) = { (t> +t—3/4)cosz, te (1/2,1],

0, t€[0,1/2]
{ (t—1/2)2=(2t-1), te(1/2,1].



The quantities

o = mazx{0,2t — 1}

|0, te€0,1/2]
y { (t —1/2)%cosz, te€(1/2,1]
p = (1—t)cosz

A =1

satisfy the system of first order necessary conditions.

For problem TWOD see the top of the AMPL model.



