Dirichlet problems

The problem is to determine a control u € L*°(I') that minimizes the

functional
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with given functions y; € C(Q), ug € L®(I'), and a nonnegative weight
a > 0. subject to the state equation

—Ay(z) +d(z,y(z)) = 0, for z€Q,
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y(r) = b(z,u(x)), for zeTl, (2)

and the inequality constraints on control and state
y(z) <Y(r) on 2, ur(z) <ul(z) <wug(r) onT, (3)

with functions v € C(Q) and ui,us € L>(T). In this setting, 2 C IR? is a
bounded domain with piecewise smooth boundary I' = 0€2. Note that the
state inequality constraints (3) are supposed to hold on the closure of €.

Example 1:
on : —Ay(z) =20, y(z)< 3.5, ya(z) = 3+ by (21 — 1)xo(z2 — 1),
on I': y(z)=u(z), 0<u(z)<10, uy4(z)=0, a=0.01.

Example 2
on ) : —Ay(ﬂ?) = 20, y(.’L‘) < 35, yd(‘r) =3+ 5331(.’1/'1 - 1).’132(.’1)2 - 1)a
on I': y(z)=u(z), 0<u(z)<10, uy4(z)=0, a=0.

Example 3:
on Q: —Ay(z) =20, y(z) <3.2, ya(z) =3+ b1 (x1 — 1)zo(22 — 1),
on I' : y(z) =u(z), 1.6<u(z) <23, us(z)=0, a=0.0L

Example 4:
on Q: —Ay(xz)=20, y(z)<3.2, ya(z) = 3+ b1 (21 — 1)z (22 — 1),

on I': y(z)=u(z), 1.6<u(z)<2.3, uy(zr)=0, a=0.
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Neumann problems
The problem is to determine a control u € L°°(I") that minimizes the
functional
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with given functions y4 € C(Q), ug € L®('), and a nonnegative weight
a > 0. subject to the state equation

—Ay(z) +d(z,y(z)) = 0, for z€Q,
dyx) = bz,y@),u(z), for zel,

and the inequality constraints on control and state
y(@) <@ on®,  w(z)<u(@) <usz) onT, (6)
with functions ¢ € C(Q) and u;,us € L®(T'). In this setting, @ C IR? is a
bounded domain with piecewise smooth boundary I' = 9{2. The derivative
in the direction of the outward unit normal v of I' is denoted by 0, in (2).

Note that the state inequality constraints (3) are supposed to hold on the
closure of ().
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Example 5:
on 2: —Ay(z)=0, y(x) <2.071,
ya(z) =2 — 2(z1 (21 — 1) + 22(22 — 1)),
on T': 9,y(x) =u(z) —y(x)? 3.7<u(r) <45, uy(z) =0, a=0.01.
Example 6:
on : —Ay(z)=0, y(x) < 2.835,
ya(z) =2 = 2(z1 (21 — 1) + 22(22 — 1)),
on I': J,y(x) =u(x) —y(x)? 6<u(z)<9, uyz)=0, a=0.
Example 7:
on Q¢ —Ay(x) - y(@) + 9@ =0, y(z) <27,
ya(z) =2 = 2(z1(z1 — 1) + z2(22 — 1)),
on I': 9,y(z) =u(z), 1.8 <u(x) < 2.5, ug(zr) =0, a=0.01.
Example 8:
on Q: —Ay(z) —y(z) +y(2)’ =0, y(z) <27,
ya(x) =2 = 2(z1 (21 — 1) + z2(x2 — 1)),
on I': 9,y(x) =u(z), 1.8 <u(x) <2.5, ug(z) =0, a=0.



